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Abstract 

The classical two-component spinor formalisms for general relativity 
as built up by Infeld and van der Waerden afford an elegant approach 
to spacetime geometry. Deeply involved in the inner structure of these 
formalisms is the beautiful theory of spin densities of Schouten. In this 
review Schouten's theory is presented in detail. It is pointed out that 
spin affinities can most naively be introduced by carrying out parallel 
displacements of null world vectors. A complete algebraic description of 
spin curvatures is accomplished on the basis of the construction of a set of 
torsionless covariant commutators. It turns out that the implementation 
of such commutators under certain circumstances gives rise to a system of 
wave equations for gravitons and photons which possess a gauge- invariance 
property associated with appropriate spinor-index configurations. The 
situation regarding the derivation of the natural couplings between Dirac 
fields and spin curvatures is entertained. 
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1 Introduction 

The construction of the two-component spinor approach to specially relativistic 
physics was carried out a long time ago by van der Waerden [1] on the basis of the 
implementation of the faithful representation of the Lorentz group that is borne 
by the original Dirac's theory of the electron. From a more explicit mathematical 
point of view, this construction was based entirely upon the existence of a 
two-to-one homomorphism between the linear group SL{2, C) of unimodular 
complex (2 x 2)-matrices and the orthocronous proper component of the Lorentz 
group. The space of elementary spinors accordingly emerged as a two-complex- 
dimensional representation space that carries an invariant antisymmetric metric 
spinor. A formal correspondence between Minkowskian and spin tensors was 
likewise accomplished from the existence of a set of Hermitian connecting objects 
which are subject to combined world-spin transformation laws and prescribed 
anticommutation relations. 

Subsequently, Infeld [2] proposed a slightly extended version of the van der 
Waerden approach, which involves replacing the independent entry of the rep- 
resentative matrix for the special metric spinor with a nowhere-vanishing dif- 
ferentiable real-valued function defined on a generally relativistic spacetime. A 
relationship between this function and the functional determinant of a space- 
time metric tensor, together with a system of equivalent expressions for the 
corresponding Ricci scalar and cosmological constant, were derived from the 
utilization of simple spinor computational devices. These techniques took up 
the combination of the coordinate-derivative operator with some constant con- 
necting objects, and thereby made it feasible to write down for the first time 
the two-component version of Dirac's theory in a curved background. 

Soon after the presentation of Infeld's work, a geometric generalization of 
the special approach was exhibited by Infeld and van der Waerden [3] , with two 
different formalisms having arisen from this generalization. Such formalisms 
were designated as the 7e-formalisms. In accordance with either of these frame- 
works, two pairs of conjugate spin spaces can be systematically set up at any 
non-singular point of a curved spacetime, but the role played by SL{2, C) had 
unavoidably to be taken over by a group of gauge transformations whose de- 
terminants show up as complex numbers that depend crucially upon a real 
parameter. It had been pointed out earlier by Weyl [4] in connection with the 
formulation of a generalized principle of gauge invariance that such transforma- 
tions could be naturally implemented within the context of general relativity. 

The 7-formalism version of the basic geometric objects defined formerly by 
van der Waerden is prescribed in such a way that a complex-valued function 
of spacetime coordinates is utilized in place of the real-valued metric function 
borne by the Infeld extension. All metric spinors for the 7-formalism carry an 
invariant character as regards the action of any manifold mapping group, and ad- 
ditionally behave themselves as spin tensors under the action of the Weyl gauge 
group. Any connecting object for the 7-formalism thus bears a combination of 
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a spin-tensor character with either a covariant or a contravariant world- vector 
character. The metric spinors and connecting objects for the e-formalism are 
considered as entities that carry the same world characters as the ones for the 
7-formalism. Nevertheless, a spin-density character is ascribcid to each of them, 
whence geometric quantities generally enter into the e-framework as spin den- 
sities. Incidently, the theory of spin densities had already been developed by 
Schouten [5, 6] at the time of the advent of the generalized formalisms. 

In the 7£-formalisms, the specification of spin-affinity patterns rests upon 
the geometric properties of the usual world-afEne connexions and the imple- 
mentation of a requirement which ultimately amounts to taking any Hermitian 
connecting objects as covariantly constant entities. The procedures for building 
up any suitable spin connexion produce a pair of conjugate contracted spin- 
affinc structures that carry two world-covariant quantities having different spin 
characters. One of these quantities appears as a world vector that eventually 
undergoes a local gauge transformation. It is identified with an afEne electro- 
magnetic potential that satisfies the Weyl principle, and essentially provides 
the imaginary parts of the contracted structures. Its physical significance de- 
pends only upon the selection of covariant derivatives for the individual 7-metric 
spinors. The other quantity emerges as the common real part of the contracted 
structures. In the 7-formalism, it is expressed up to a conventional sign as the 
partial derivative of the logarithm of the absolute value of an adequate metric 
function. Moreover, there arc some particular cases in which it can be written 
out as an inhomogeneous spacetime contribution that allows a formal recovery 
of the covariance of the contracted structures for the 7-formalism [7] . The treat- 
ment of such cases brings forth world-spin affinc connexions that arc involved 
in the geometric structure of a well-known class of conformally flat spacetimes 
[8, 9]. In both formalisms, the e-metric spinors are chosen at the outset as 
covariantly constant objects. In fact, this choice comes into play without affect- 
ing at all the physical characterization of any affine electromagnetic potentials. 
However, no metric relationship that involves the real part of a contracted spin- 
afHne structure for the ^-formalism comes about. It appears that the rules for 
computing covariant derivatives of spin densities in either formalism are fixed 
in terms of spin-afHne configurations which arise out of invoking the covariant 
constancy of the ^-metric spinors. Any such spin-affinc computational devices 
are constituted by complex world-covariant prescriptions that emerge in this 
way. 

The construction of 7e-curvature structures is modelled upon the traditional 
procedure that considers taking commutators between covariant-derivative oper- 
ators. As formulated by Infeld and Van der Waerden [3], the covariant-constancy 
property of the Hermitian connecting objects for both formalisms gives rise to 
curvature splittings which carry only the sum of purely gravitational and electro- 
magnetic contributions. The presence of electromagnetic curvatures was bound 
up with the imposition of a single gaugc-covariant condition upon the metric 
spinors for the 7-formalism, which is just the same as that associated with the 
physical significance of afRne electromagnetic potentials. Unfortunately, the 
computational tools that were put into practice thereabout could not cope with 
the spinor splittings of the bivector configurations borne by the commutators 
utilized. Consequently, no complete description of spin curvatures was accom- 
plished at that time. In the presence of geometric electromagnetic fields, the 
affine computational devices for the e-formalism are obtained from the ones for 
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the 7-formalism by allowing for a limiting case that involves an independent 
7-metric component. A correspondence principle associated with this limiting 
process can be established by looking into two systems of eigenvalue equations 
for the 7-metric spinors. Some of these equations afford the procedures that 
had been utilized by Infeld and van der Waerden [3] for controlling the presence 
or absence of electromagnetic curvatures heuristically. The imaginary part of 
any former device, which actually carries an electromagnetic potential for the 
7-formalism, thus remains the same when the limiting process is carried through 
in some gauge frame whilst the respective former real part, which does indeed 
bear a spacetime-mctric character, gets replaced with a physically meaningless 
quantity. Putting the limit into effect in the absence of geometric electromag- 
netic fields, yields contracted spin-afRne pieces that vanish in a gauge frame. 
Under these latter circumstances, any affine potentials for the 7-formalism are 
expressed as useless gradients, and the £- formalism turns out to bear a weaker 
meaning. It had become evident from the original work of Infeld and van der 
Waerden that the derivation of a set of generalized gauge transformation laws 
could bring about a metric principle which describes invariantly the geometric 
structure of the 7-formalism as regards the presence or absence of electromag- 
netic curvatures. 

The Infeld- van der Waerden formalisms have been employed over the years 
by many authors, in several different contexts, for carrying out two-component 
spinor reformulations of some of the standard physical theories in both flat and 
curved spacetimes as well as the construction of alternative spinor patterns for 
classical geometric structures and a notable spinor transcription of the famous 
Petrov classification schemes for world-curvature tensors [8-15]. Notwithstand- 
ing the fact that the description of curvature spinors is implicitly carried by 
the formalisms, the spin curvatures that occur in the transcription and geomet- 
ric construction we have referred to were obtained in an artificial way by just 
performing straightforward spinor translations of Riemann and Weyl tensors. 
These translational procedures have particularly led to a spinor version of Ein- 
stein's equations along with an explicit definition of wave functions for gravitons 
[8, 9, 15]. It has been claimed by some authors (see, e.g., Ref. [9]) that the rel- 
evance of the £-formalism as far as curvature classifications are concerned relies 
upon the occurrence of a technical simplification over the Petrov schemes [16]. 
Based upon the local existence of null tetrads, two spin-coefficient techniques 
for solving Einstein's equations have also been proposed [17-20]. Somewhat 
surprisingly, the utmost importance of Schoutcn's theory of spin densities and 
the gauge structure inherently borne by the formalisms were both ruled out 
by most of the works we have cited above. According to Penrose [15, 21], the 
only reason for the exclusion of electromagnetic curvatures lies behind the ex- 
istence of a conflicting relationship between certain spin-charge values and the 
Weyl group. The conflict happens when the propagation of external uncharged 
spinning fields is allowed for, but in contradistinction to this, the differential 
prescriptions supplied by the 7-formalism yield a description of the couplings 
between Dirac flelds and electromagnetic curvatures without making it neces- 
sary to use a minimal coupling covariant-derivativc operator [22]. Remarkably 
enough, any electromagnetic curvature contributions arise from affine potentials 
that have to be formally introduced in order to balance the overall numbers of 
world-spin affine components [3] . The removal of electromagnetism from the ge- 
ometry therefore destroys the effectiveness of the strongly required world-spin 
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afSnc relationships. Since the formahsms impose consistently a stringent con- 
dition on the physical characterization of curvatures, the gauge behaviour of 
uncharged fields should be modified so as to allow their propagation to enter 
the descriptive frameworks. 

Only recently has a fairly complete description of spin curvatures arisen [23] , 
which brought forward what seems to be the most striking physical feature of 
the 7e-formalisms, namely, the possible occurrence of wave functions for gravi- 
tons and photons in the curvature structures of generally relativistic spacetimes. 
This insight has sprung partially from the achievement of some of the most sig- 
nificant developments of the spinor calculational methods, which are intimately 
related to the construction of sets of algebraic expansions and formal valence- 
reduction devices [8, 9]. Such techniques had initially afforded a cosmological 
interpretation of the spinors that occur in the translation of Ricmann tensors 
[8] . One of their important properties is that they are applicable equally well to 
specially and generally relativistic situations because of their symbolic charac- 
ter. Loosely speaking, geometric photons arc described by wave functions that 
amount to contracted spin-curvature pieces borne by spinor decompositions of 
Maxwell bivectors. Wave functions for gravitons are prescribed as totally sym- 
metric curvature pieces that occur in spinor representations of Weyl tensors. 
The definition of these gravitational contributions thus coincides with the one 
mentioned before, but their full algebraic characterization has always to be made 
up by world configurations [14]. In a spacetime that admits non- vanishing elec- 
tromagnetic and gravitational wave functions, background photons interact with 
underlying gravitons, with the occurrent couplings turning out to be in both for- 
malisms exclusively borne by the equations which control the electromagnetic 
propagation [24]. Indeed, it is the spinor decomposition of a set of covariant 
commutators for both formalisms that makes up the description of curvature 
splittings. The pertinent computations take up the utilization of differential pre- 
scriptions which specify the action of the commutators on arbitrary spin tensors 
and densities. In the presence of electromagnetic curvatures, the implementa- 
tion of these commutators leads to a system of wave equations for gravitons 
and geometric photons which possess in either formalism a gauge-invariance 
property associated with appropriate spinor-index configurations. 

The present work is just aimed at supplying a self-consistent description of 
the inner structure of the 7£-formalisms. Hence, attention will be concentrated 
upon the description of the key structures associated to the fundamental role 
played by spin densities in both the formalisms. The gauge behaviour of any 
admissible spin connexions is described conjunctively with a covariant descrip- 
tion of the limiting process. We will exhibit the entire description of curvatures 
upon paving the way for deriving the system of wave equations for gravitons 
and geometric photons. We will likewise derive the patterns that describe the 
propagation of Dirac fields, in conformity with one of the original motivations of 
Infold and van der Wacrdcn for constructing the formalisms. We have divided 
the whole work into four Sections. The detailed descriptions and outlines of Sec- 
tions 2 and 3 will be given in due course. In Section 4, we make some remarks 
on the formalisms. We have decided from the beginning to adopt the following 
conventions. Greek and Latin letters are broadly used as kernel letters for world 
and spin quantities in a curved spacetime ^Ut. Kernel letters for world densities 
will especially appear as Gothic letters. A horizontal bar lying over a kernel 
letter will denote the ordinary operation of complex conjugation. Unprimed 
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and primed kernel letters will be used to refer to outcomes of gauge transfor- 
mations. Components of world and spin quantities are, respectively, labelled by 
lower-case and upper-case Latin letters. The unprimed-primed-index notation 
of Bach [25] and Schouten [6, 26] will be applied to the case of conjugate spinor 
components. World indices all range over the four values 0, 1, 2, 3 whereas spinor 
indices take either the values 0, 1 or 0', 1'. We will adhere to Bach's convention 
[25], according to which the effect on any index structure of the actions of the 
symmetry and antisymmetry operators is indicated by surrounding the relevant 
indices with round and square brackets, respectively. Vertical bars surrounding 
an index block will mean that the indices singled out are not to partake of a 
symmetry operation. Any world quantity having p upper and q lower indices 
will sometimes be referred to as a quantity of valence {p, q}. Similarly, a spinor 
carrying a upper and b lower unprimed indices together with c upper and d 
lower primed indices will be termed as a spinor of valence {a, b; c, d}. The sym- 
bol "c.c." will denote an overall complex-conjugate piece. For convenience, the 
partial-derivative operator d / dx"" for some spacetime coordinates and 
on 9Jl will be written as da- Without any risk of confusion, we will utilize 
a torsionless operator Va upon dealing with covariant derivatives in each for- 
malism. Throughout the work, it will be assumed that the spacetime metric 

signature is (-1 ). Use will be made of the natural system of units wherein 

c = h= 1. We will continue using the words object and quantity without calling 
upon any conceptual specifications like those fixed up by Schouten [27]. Further 
conventions will be explained occasionally. 

2 Spin-Affine Geometry 

A natural procedure for bringing covariant spinor differentials in DJl consists 
in carrying out parallel displacements from one spin space to another, which 
absorb the same geometric definitions as the ones for the world situation [6, 
26, 27]. It appears that world-spin afHne correlations and covariant-derivative 
prescriptions can most easily be attained by combining the covariant constancy 
of the Hermitian connecting objects of the 7-formalism and the covariant Leib- 
niz expansion of an adequate spin-tensor outer product associated to a null 
world vector [23]. In fact, Infeld and Van der Waerden [3] had realized that 
contracted spin affinities carrying nowhere-vanishing real and imaginary parts 
should be taken up by the 7e-frameworks because of the strong necessity of 
balancing the numbers of independent world-spin affine components. The ex- 
pression for a generic spin affinity of either formalism is consequently obtained 
by first performing an appropriate index splitting of the Christoffel connexion 
Tabc for a covariant metric tensor gab on 9Jl, and then calling for world covariant- 
derivative patterns. Any allowable spin-affine connexion is thus made out of the 
spinor versions of both Ta[bc] and Ta(bc)- In either formalism, the former F- 
contribution supplies the symmetric part of a two-piece spinor splitting which 
has to be added to a non- Hermitian partial derivative. The trace F^ of the latter 
F-contribution noticeably makes up a general scalar-density prescription for a 
basic 7-metric function. A recovery of the real part of a contracted spin affinity 
for the 7-formalism can be accomplished from such configurations, but the fea- 
sibility of such a recovery ceases happening when the metric limiting situation 
that yields the affine computational devices for the e-formalism is implemented. 
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The information carried by the metric spinors of the 7-formahsm is oftcnly 
extracted from their partial derivatives and brought out by a set of world- 
covariant vectors [3, 11]. One then becomes able to derive a covariant diflFerential 
relationship between the metric quantities of the 7-formalism and the parts of 
the respective contracted spin-afHne structures. The absolute value and polar 
argument of the complex-valued function that defines a 7-metric component 
accordingly appear as world scalars. It has been proven by Cardoso [23, 28] 
that the absolute value must be effectively expressed as the product of two scalar 
densities. Whereas the information on one of these densities is totally contained 
in a suitably contracted partial derivative of an Hcrmitian connecting object 
for the 7-formalism, the information on the other is carried by the determinant 
Q of gab, with the former density having to be thought of as bearing a double 
world-spin character. 

Before completing the geometric specifications of the metric spinors and 
connecting objects for the e-formalism, one has to recall that any non-vanishing 
totally antisymmetric spin quantity is proportional in either formalism to one 
of the corresponding metric spinors. Such specifications come all from the es- 
tablishment of the gauge transformation laws for the metric spinors of both 
formalisms. The usual definition of spin densities is shaped upon the one which 
is adopted in the world framework. It turns out that all metric and spin-afhne 
prescriptions have to be combined together with the world invariance of the 
metric spinors. The full geometric characterization of the systems of eigenvalue 
equations mentioned in Section 1 , rests upon the combination of the covariant 
constancy of Qab with the standard relationships between the metric and con- 
necting objects for the 7-formalism. We will emphasize that the eigenvalues 
carried by these equations may supply a technique for controlling the gauge 
behaviours of the quantities involved in the limiting process. It will likewise be 
seen that the procedures concerning the specification of the gauge behaviours 
of spin-affine connexions, afford a differential device which enables one to mix 
up and keep track of gauge frames when computing covariant derivatives in the 
7-formalism. 

It will be necessary to bring in Subsection 2.1 the definitions of the metric 
spinors and connecting objects for both formalisms. In Subsection 2.2, the gauge 
behaviours of the basic objects for the e-formalism are specified in conjunction 
with the definition of spin tensors and densities. We shall have to include the 
definition of densities that bear a combined world-spin character because of the 
occurrence of such a quantity in the expression for a typical 7-metric component. 
The spin-afRne structures are shown in Subsection 2.3 along with the relevant 
covariant-derivative patterns and computational devices. All eigenvalue equa- 
tions and metric expressions are deduced in Subsection 2.4. The transformation 
laws for spin-afRne connexions and the gauge description of the limiting process 
are considered together in Subsection 2.5. Gothic letters will henceforth also 
be used to denote weights of spin densities. It will be understood from now on 
that world-gauge characters are intrinsic geometric attributes which must not 
as such depend upon the implementation of any differential configurations. In 
Subsections 2.3 and 2.4, we shall make particular use of the relations [29-31] 

r„ = r„6* = a„iog(-0)V2. 
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2.1 Metric Spinors and Connecting Objects 

The fundamental metric spinor of the 7-formahsm is taken as a spin tensor 
of valence {0,2; 0,0}, which bears antisymmetry and invariance under world- 
coordinate transformations. In other words, 

(7ab)= % )' 7 = l7|exp(f<I>), (2.1) 

where the entries of the pair (| 7 |,<i>) are smooth real- valued functions of 
x"^ . The inverse of {"^ab) appears as a world-invariant spin tensor of valence 
{2, 0; 0, 0}, which is set as 



-7--^ 

One has the component relationships 

lAB^lSAB, l^"" =-/~'e^'', (2.3) 

with 

■ 1\ ,_AB. 



{sab) =l^_^ j = (£"") (2.4) 

being the only unprimed metric spinors for the e-formalism, which are likewise 
taken to bear world invariance. Thus, the independent component 7 of "fAB 
presumably carries a world-invariant character^ Equations (2.1)-(2.4) imply 
that 

M^^McA = Ma^ = -M^A, (2.5a) 
where the kernel letter M stands here as elsewhere for either 7 or e, and 

{Ma"") # (-5^^) =(^l (2.5b) 

The metric spinors and their complex conjugates serve particularly for low- 
ering and raising indices of arbitrary spinor and world-spin quantities. For some 
elementary spinor i/^, for instance, we have the upper-lower- index prescriptions 

j^A ^ M^^UB, VA = v^Mba- (2.6) 

The processes of lowering and raising spinor indices in the 7-formalism always 
preserve intrinsic spin characters because of the spin-tensor character of the 
metric configurations (2.1) and (2.2). It will be stressed in Subsection 2.2 that 
the action of the e- metric spinors does not, in general, retain the spin characters 
of the former objects. However, in view of the world invariance of the structures 
(2.1)-(2.4), the world characters of any spin objects will remain unchanged as 
we implement the action of the metric spinors for either formalism. 
The connecting objects of the 7-formalism are defined as 

2<JAA'ia(Tb-,^' = lA^gab, (2.7a) 



^The uniqueness of the spinors given by Eq. (2.4) will be described in Subsection 2.2 
together with the gauge behaviour of 7. 



8 



or, alternatively, as the coraplex conjugate of Eq. (2.7a). Similarly, for the 
e-formalism, we have 

'^^AA'ia^b)^ = £A^gab- (2-7b) 

All entries of the set 

Hr o na nAA' aaAA' ^ q\ 
— \JaAA',JAA'T^a I 

are components of Hermitian (2 x 2)-matricefll that depend smoothly upon x". 
We should notice that the Hermiticity of any element of the set (2.8) is lost 
when we let its spinor indices share out both stairs. Hence, manipulating the 
indices of Eqs. (2.7) suitably, and symmetrizing over AB, yields the property 

c,S)A' _ MA qB)A' _ ^A qBA' /r, Q„N 

'^aA"^b — '^A'[a'^b] ~ '^A'[a'^b] ' I^Z.yaj 

and, consequently, we can write 

SAA'[aS^^ = ^ SAA'aSb"^ — SAA'iaSb)"^ ■ (2.9b) 

The index configurations of Eqs. (2.9) can be worked out so as to give the 
contracted commutator 

[^,^^„5f^']=0, (2.10a) 

which leads to the relations 

^A'^^f ^' = ^ Sl^S^^' = 2Af'^^. (2.10b) 

In either formalism, the pertinent iS-objects provide a one-to-one correspon- 
dence between world and spin objects, which is written in terms of adequate 
outer products H Some metric examples are the following: 

gab = S^^' Sj^""' MabMa'B', (2.11a) 

and 

MabMa'B' = SlA'S^BB^gab- (2.11b) 

Thus, one of the spinor structures that represent the alternating tensors on 9Jl 
is expressed by [8, 15, 32] 

eAA'BB'CC'DD' ^ iiMAc MbdMa' D' Mb'c - c.c), (2.12a) 

which agrees with the trivial identities 

M^abMc]d = 0, (2.12b) 

and 

Ma(bMc)d = MBiAMD)c- (2.12c) 

The combination of Eqs. (2.3) and (2.11) evidently produces the Hermitian 
associations 

<A' =1 7 I S^A', =\ 1 \-' S"^^^', (2.13a) 

^From this time onwards, the kernel letter S will denote either cr or S. 

^This correspondence does not apply to x", but it naturally applies to da and dx°'. 
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along with the lower-world-index ones. An example of a crS-association in the 
non-Hermitian case is provided by 

a^A^^Mm^aA- (2.13b) 

It was said in Section 1 that any connecting object for either formalism 
is thought of as a vector as regards world-coordinate transformations, whence 
any outer products of S'-objects must bear a world-tensor character. It follows 
that any spinor associated to a world tensor behaves as a scalar in relation to 
transformations belonging to the manifold mapping group of 9Jl. Likewise, since 
all the connecting objects for the 7-formalism are considered as spin tensors as 
well, any couplings of cr-objects with purely world quantities must yield spin 
tensors, but this generally fails to hold for the case of the e-formalism. 

2.2 Spin Tensors and Densities 

The generalized Weyl gauge group consists of the set of all non-singular complex 
(2 X 2)-matrices (A^i-^) whose components are prescribed as [3, 4, 11] 

Ka^ = ^eyi^{iK)5A^ ■ (2.14a) 

In Eq. (2.14a), p is a positive-definite differentiable real-valued function of x°' 
and A amounts to the gauge parameter of the group, which is taken as an 
arbitrary differentiable real-valued function on This group operates locally 
on the spin spaces of OT, independently of the effective action of the spacetime 
mapping group. For the determinant of (A^^), we then have the expression 

det(AA^) == Aa = pexp(2iA), (2.14b) 

whence 

A^^Ac^ = ^aSa^'Sc", (2.14c) 

and p =1 Aa |. By definition, one of the simplest indexed spin tensors is an 
unprimed covariant spin vector which undergoes the transformation law 

e^i-A^^^B. (2.15a) 

Hence, requiring the inner product C,^£,a to bear gauge invariance, yields the 
basic unprimed contravariant law 

Q'A ^ qB^-ia_ (2.15b) 

Obviously, the transformation laws for primed spin vectors take up either the 
complex conjugate matrix [Ka'^ ) or its inverseu 

The defining transformation laws for spin tensors of arbitrary valences are 
usually obtained by performing outer products between spin vectors and ap- 
plying appropriately the prescriptions (2.15). Thus, the spin-tensor character 
of the metric and connecting objects for the 7-formalism is brought out by the 
covariant and contravariant configurations 

7;iB = A^^As^TcD, (2.16a) 

^Any spin scalar is defined as a numerical quantity that is invariant under gauge transfor- 
mations. 
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yAB ^ ^CD^-iA^-lB^ (2.16b) 

and 

=A^^A^,^V^B', (2.17a) 

^'c^AA' ^^aBB' ^-lA^-lA- ^ (2.17b) 

along with their complex conjugates and lower-world-indcx versions. By virtue 
of Eq. (2.14c), the laws (2.16) and (2.17) can be rewritten as 

T^is = Aa7ab, l'^"" = (2.18) 

and 

a'Xj,, =1 Aa I a\j,,, a"^^^' =| Aa (2.19) 
with 5a = (Aa)"^ For the non-Hermitian cr-objects, we have, for instance, 

a;^, = A^,^ aS5,A^i^ = exp(-2»A)af4,. (2.20) 

Inasmuch as the spin spaces of 9JT are all two-dimensional, the only useful 
totally antisymmetric spin objects bear two indices of the same type. In the 
spin-tensor case, such an object tjab may be expanded as 

VAB = ^[AB] = ^VlAB, (2.21) 

with T] = rjc^ thus being a spin scalar[f| The original definitions of complex 
spin-scalar densities of weights -1-1 and —1 were naively designed [5,6, 26] from 
transformation laws that look like Eqs. (2.18). Such entities thus undergo the 
same gauge transformation laws as the individual independent components of 
^AB and 7"^^, respectively. For a complex spin-scalar density a of weight tn, 
one has the definitior|£| 

a' ^ (Aa)"'^. (2.22) 

It is clear that the operation of complex conjugation on spin-scalar densities 
can be described as an interchange involving the non-vanishing unprimed and 
primed 7-metric components. The complex conjugate of a is called a spin- 
scalar density of antiweight tr. Performing outer products between spin-scalar 
densities produces other densities whose weights and antiweights equal the sums 
of the corresponding attributes carried by the couplings. Therefore, a spin-scalar 
density /? of weight a and antiweight b must transform as 

f3' = (Aa)"(Aa)^/3. (2.23a) 

When a = b, the density /? is particularly said to bear an absolute weight 2a, 
and thence behaves itself under gauge transformations as 

13' =1 Aa p. (2.23b) 

Then, spin-scalar densities of absolute weights ±1 are subject to the same trans- 
formation laws as the components of the connecting objects involved in Eqs. 
(2.19). The pattern (2.23a) may be specialized still further in case Hermiticity 

■''Statements similar to Eqs. (2.21) also hold for the contravariant and primed cases. 
^Our Ayv is the inverse of that used in Ref. [27]. 
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is required to be preserved under gauge transformations. Consequently, any real 
spin-scalar density must bear an absolute weight. As will become manifest later, 
it is of some interest to take into consideration spin-scalar densities that bear 
weights, antiweights as well as absolute weights. For such a composite density 
f2, we have the prescription 

n' = (Aa)°(Aa)'' I Aa r ^- (2.24) 

Arbitrary spin-tensor densities were originally defined [5, 6] as outer products 
between spin tensors and scalar densities, in formal analogy with the world 
situation. Conventionally, the entries of the arrays that supply the valences of 
these outer-product structures are given as the sums of the corresponding entries 
of the valences borne by the coupled tensors, while the overall weights and 
antiweights are prescribed in the same way as for coupled spin-scalar densities. 
In particular, any Hermitian spin-tensor density must be viewed as the product 
of an Hermitian tensor with a real spin-scalar density. Of course, we can build up 
spin tensors by performing products that carry suitable spin scalar and tensor 
densities. Configurations that possess a mixed world-spin density character 
can also be constructed by performing outer products between world and spin 
densities^ 

The easiest procedure for specifying the gauge characters of the e-metric 
spinors involves the combination of Eqs. (2.3) and (2.18). In effect, we have the 
laws 

e'ab = (Aa)~'Aa^Ab^£cd = eAB, (2.25a) 

and 

e'^^ = Aae^^A^i^A^i^ = (2.25b) 

along with their complex conjugates. Hence {eab, s^^) and {ea'B', £^ ^ ) are 
invariant spin-tensor densities of weights (—1,-1-1) and antiweights (—1,-1-1), 
respectively. Any metric spinor for the e-formalism can then be naturally con- 
sidered as a spin Levi-Civita symbol. It should be stressed that Aa is formally 
expressed in both formalisms as 

Aa = ^Af^^AA^As^McD. (2.26) 

Whereas the metric components (7, 7"^) and (7, 7^^) thus have to be regarded 
as spin-scalar densities of weights (-1-1, —1) and antiweights (+1,-1), the abso- 
lute values (I 7 I, I 7 |~^) must be taken as real spin-scalar densities of absolute 
weights (-1-1,-1), respectively. In addition, the polar piece exp(z$) of 7 must 
behave as a composite spin-scalar density, namely, 

exp(i$') = Aa I Aa exp(i$). (2.27) 

Accordingly, Eqs. (2.13a) imply that SaAA' and T,^^ should behave as invari- 
ant spin-tensor densities of absolute weights —1 and -1-1, respectively. More 
explicitly, we have 

^'aAA' =1 ^A^^A'^ '^aBB' = ^aAA' , (2.28a) 

^Particularly interesting world-spin scalar densities have the form (— g)^a, with A' being 
any real number. 
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and 

S;^^' =1 Aa I Ef^'A^i^A^i-^' ^ ^AA'_ (2 28b) 

We can now see that the implementation of Eqs. (2.16) ensures the preser- 
vation of spin characters when the processes of lowering and raising spinor in- 
dices take place in the 7-formalism. In turn, Eqs. (2.25) and their complex 
conjugates show us that the change in the e-formalism of the spinor-index con- 
figuration of an arbitrary spin object generally produces a modification of the 
values of the pertinent weights and antiweights. Hence, correspondences within 
the e-framework between world and spin quantities do not generally involve spin 
tensors. 

2.3 Spin Affinities and Covariant Derivatives 

The patterns of spin displacements were originally chosen [3, 6, 11, 13, 26, 27] 
so as to resemble closely the form borne by the ones which occur in the purely 
world framework. We thus consider two neighbouring spin spaces of 9Jt which 
are set up at x"" and + dx°' . A covariant differential of some contravariant spin 
vector is defined as the local difference between the value of at -I- dx" 
and the value at of the spin vector that results from an affine displacement 
of C"^. In either formalism, a typical covariant-differential configuration reads 

DC^ = dC^ + ^aB^C''dx'', (2.29) 

with "daB^ amounting to the unprimed- index spin- affine connexion associated 
to the displacement eventually carried out. For the corresponding covariant 
derivative, we have 

yaC^ = da(:^+^aB^C''- (2.30) 

Either D-differential of a covariant spin vector S,a can be obtained from Eq. 
(2.29) by taking for granted the Leibniz rule and demanding that 

m^U) - dic^u), (2.31) 

whence we also hav^ 

'^aU = daU-^aA''CB, (2.32) 

together with the complex conjugates of the prescriptions (2.30) and (2.32). We 
stress that each of the pieces which occur on the right-hand sides of Eqs. (2.30) 
and (2.32) must behave covariantly under the action of the mapping group of 
971, in contrast with the world situation. 

World and spin displacements in DJl turn out to be induced by each other 
when the covariant-constancy requirement 

DS'Xa, = (2.33) 

is implemented. Whenever a tensor quantity that carries both world and spin 
indices is differentiated covariantly in both formalisms, we will thus have to 
incorporate into the pertinent expansions the affine contributions associated 
with all the indices borne by the quantity being considered. Any such mixed 

*As for the world case, covariant derivatives of spin tensors of arbitrary valences can always 
be obtained by allowing for outer products between elementary spin vectors and carrying out 
Leibniz expansions thereof. 
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expansion must be regarded as a result of the implementation of combined 
world-spin displacements in SH. The simplest procedure for establishing this 
geometric property of the formalisms just accounts for afhne displacements of 
the following 7-formalism configuration: 

= aU'C^C^', n'^ua = 0. (2.34a) 

Hence, writing 

Dn'^ ^alj,,D{C''C'''), (2.34b) 
and performing a Leibniz expansion, yields the correlation [23] 

Ti,,''iT^dx'' = a\A' ilbB^C^C^' + c.c.)dx'' - C^C'^'da'XA' , (2.34c) 

with 7aA^ standing for the 7-formalism version of "daA^ ■ It becomes clear that 
Eq. (2.33) should be spelt out here as the vanishing derivative 

Va^TsB' = da<j'hB' + ^ac^'f^BB' - haB^<^CB' + Cc). (2.35) 

Differentiating covariantly both sides of Eq. (2.11a) then brings about the 
particular metric condition 

'^afjBB'CC = ^ ailBClB'c) = 0, (2.36) 

and, consequently, also its upper-spinor-index version. It follows that any Her- 
mitian connecting object for the 7-formalism bears covariant constancy, whence 
we have the relation 

Re(7''^Va7i3c) = 0, (2.37) 

together with the one which is obtained from Eq. (2.37) by interchanging the 
spinor-index stairs. Since V a5c^ — 0, we also obtain 

I'^'^ValBC + iBC^al'''' = 0. (2.38) 

In both formalisms, Eq. (2.33) ensures a recovery of covariant-differential 
patterns for world tensors from those for Hermitian spin tensors. It becomes 
imperative in any case to regularize the number of spin-afRne components so 
as to attain a compatible relationship with the 40 independent components of 
Tabc- The index configuration of daA^ supplies 32 real independent components, 
whence the contracted structure daB^ has to carry explicitly non- vanishing real 
and imaginary parts. In the 7-formalism, the real part automatically arises when 
we invoke Eqs. (2.3) together with their complex conjugates for working out 
the condition (2.36). We have, in effect, 

^ailBClB'c) = (9a log | 7 ^ -^Re^aD^ )l BCl B' C , (2.39) 

which produces the constrain10 

Rc7ai3^ = aalog|7| . (2.40) 

'It should be noticed that the right-hand side of Eq. (2.40) bears world covariance as 7 is 
a world scalar by definition. However, we can not rewrite it by replacing da with Va because 
of the spin-density character of 7. 
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The original regularization procedure for the 7-formalism [3] was carried 
through by implementing by hand a make-up constraint for 7a_B^ that involves 
a prescription of the type 

Ini7aB^ = (-2)$,, (2.41) 

with $a being a world vector. What should be emphatically observed in respect 
of this situation is that covariant differentials in the 7-formalism of any Hermi- 
tian cr-objects, and thence also Eq. (2.39) itself, remain all unaffecteqlj when 
purely imaginary world-covariant quantities like iTaSs'^ are added to '^aB^ ■ 
Consequently, combining Eqs. (2.40) and (2.41) yields the structure 

laB^ = -i0a + 2l<Pa), (2.42) 

with the definition 

ea^dalog{\^\-'). (2.43) 

When dealing with covariant differentiations in 371, we thus have to call for the 
affine relationship 

^AA'BB'CC + CFhCC'dAA'Cr^B' = lAA'BClB'C + CC, (2.44a) 

along with the splittings 

<^AA''^BB''^CC'^a{bc) = ^ A{BC)A' (B'C) + AA'lBClB'C ^ (2.44b) 



and 
where 

and 



^AA'^^BB'^^Cc'^aM = QaA'BCIB'C + CC, (2.44c) 
^A{BC)A'{B'C') = CrAA''^BB''^CC'^^aibc), (2.44d) 

Taa' = ^TAA'ra, (2.44e) 



'2'dAA'BC = <^AA''^{B (^C)D'9ab — ^A{BC)A'M''^^ — "^Q AA'{BC)i (2.44f) 

with the purely world kernel of Eq. (2.44d) being given by the trace-free rela- 
tioi0 

1 

sTa{bc} =F Ta{bc} ^ -^^agbc- (2.44g) 

One can now manipulate the index configuration of Eq. (2.44a) to produce the 
formulae 

^A{BC)A'{B'C') = -<^AA''^h{B{B'd\a\Crc')C)^ (2.45a) 
MBC) = ©aSC + \<JhlBd\a\'Jc)B', (2-45b) 

and 

4Re7aB^ = Ta + aJ^'^'daa'^BB', (2.45c) 



^"This applies to the e-framework as well. The regularization procedure for the £-formalism 
will be entertained later in this Section. 

^^The operator s picks out linearly the trace- free parts of any two- world-index configurations 



(see Ref. [8]). 



15 



together with the complex conjugate of Eq. (2.45b). 

For checking upon the legitimacy of the splitting (2.44b), it is convenient to 
make use of the definition (2.43) to write the statement 

<^BB''^cc'9AA'9bc = ~[20aa'Jbc1b'C' + 9bcdAA' (o-bb'^cc)]- (2.46a) 

Equations (2.9) imply that the products of gbc with the partial derivatives of 
the crossed pieces 

('^('s[s'^c"]c)' '^[b{B''^c')c]) (2.46b) 

both vanish, whereas the product that carries the partial derivative of the totally 
symmetric piece is given by 

gbcdAA'io-lB{B'^C')C)) = i-^)^A{BC)A'{B'C')- (2.46c) 

For the contribution that involves the totally antisymmetric piece, we have the 
expression 

9bcdAA'{<T'[B[B,a-c']c]) = J I 7 r' iBclB'cgbcdAA'il 7 P g"!, (2.46d) 

whence, fitting pieces together suitably, establishes the relevant recovervF^ 

It is useful to point out that the torsion-freeness property of Tabc can be 
expressed as the configuration 

^{ABC)A'B'C' — ^{ABC){A'B')C' ~ ^ {ABC)C' {A' B') + '^'d {ABC){A'1B')C' ■ (2.47a) 

Since the world F-structurcs of Eqs. (2.44b) and (2.44c) do not bear symmetry 
in the indices a and b, we can say that Eq. (2.44a) does not generally lead to 
the statemenlF^ 

lA'iABC) = 0. (2.47b) 

One can fix up the primed-index symmetry exhibited by the relations (2.47a) 
by making use of Eqs. (2.44). 

The basic 7-formalism device for computing covariant derivatives of spin 
densities is taken as an affine quantity 7^ that arises out of the metric prescrip- 
tion [3] 

VaEBC ^0<^la~ laB^" = 0. (2.48) 

Consequently, 7^ behaves under changes of coordinates in OJt as a covariant 
vector. It thus occurs in the formal configuration 

Vq7_bc = Va(7£-Bc) = £BcVa7, (2.49a) 

and likewise enters into the expansion 

Va7 = dal ~ 77a, (2.49b) 

which constitutes the prototype in the 7-fornialism for covariant derivatives of 
complex spin-scalar densities of weight +1. Evidently, the right-hand side of 

^■^As gbcdaQ^'^ = (—2) Fa, one can assert that Eq. (2.46a) amounts to nothing else but a 
spinor version of the classical relation daQbc = '^^a(bc)- 

^^Equation (2.47b) gives rise to decomposable spin connexions which describe the affine 
geometry of the class of conformally flat spacetimes referred to in Section 1. 
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Eq. (2.49b) stands for a covariant expansion for the independent component of 
^AB- For the density (2.22), we then have (see, e.g., Refs. [3, 6]) 

VaQ! = daa - ma-ya- (2.50) 

Needless to say, the computational device that arises from 

Va£i3'C' = ^ 7a - 7ai3. ^' = 0, (2.51) 

is appropriate for the case that involves the complex conjugates of spin-scalar 
densities. When differentiating covariantly spin-scalar densities that bear both 
weights and antiweights, we must therefore utilize devices which are prescribed 
as suitable linear combinations of 7^ and ja- For the density (2.23a), for in- 
stance, we have 

Va/? = da/3 - /3(a7a + bja). (2.52) 
If /3 carries an absolute weight according to Eq. (2.23b), we will get 

Va/3 = a„/3-2o^Re7„, (2.53a) 

that is to say, 

VaP = dap + 2apea. (2.53b) 
Hence, the combination of the definition (2.43) with the expansion 

V„|7|=S„|7|+ |7l^a, (2.53c) 

shows that | 7 | bears covariant constancy in the 7-formalism. The affine device 
for the composite spin-scalar density (2.24) is thus prescribed as 

Vafi = dafl - 0(a7a + b7a + cRe7a). (2.54a) 

As an interesting example, we have 

Va[exp(i$)] = da[exp{i<i>)] - exp(i$)(7a - Re 7a) 
= iexp(i$)(9a* - Im7a) 

= iexp(i$)(a„$ + 2$a). (2.54b) 

Covariant differentials of arbitrary spin-tensor densities can be specified by 
invoking the outer-product prescriptions given previously. For instance, setting 

Ubc.d =1= PTbc-.d, (2.55) 

with Tbc...d being some spin tensor, yields the expansion 

V„C/b... = daUB... - laB^UM... - - {aja + b%)UB.... (2.56) 

The covariant derivative of T,aAA' , say, is thus written down as 

Vo^bSB' = da^bBB' — Fdb'^ScSB' — {laB^'^bMB' + CC.) — OgT^bBB' ■ (2.57) 

When combined with Eqs. (2.13a), the property 

Va I 7 I = (2.58) 
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then enables us to state that the derivative (2.57) vanishes. Therefore, Eqs. 
(2.13a) and (2.36) imply that all the E-connecting objects must bear covariant 
constancy in the 7-formalism too. 

A glance at Eqs. (2.30) and (2.32) tells us that the rules for writing covariant 
derivatives of spin tensors in both formalisms are symbolically the same, but a 
corresponding spin-afRne connexion Tas^ and its complex conjugate should take 
over the computational role within the e-framcwork. Thus, for an Hermitian 
world-spin tensor k\q,, we must have the e- formalism expansion 

^ a^^BB' ~ ^a^^BB' '^^ac'f^'BB' ~ (^ob'^' kJqb' + C.c), (2.59a) 

which is manifestly invariant under the world-covariant change 

TaB^ ^ TaB^ + UaSB^ , (2.59b) 

with Re(i(.a) = 0. A suggestible procedure for building up TaB'^ consists in im- 
plementing the relationships (2.3) and taking the limit as 7 tends to 1. Putting 
it into practice would nonetheless entail the annihilation of 6a, whence the num- 
bers of independent components of Tat'^ and TaB''' would have to be regularized 
from the beginning. Accordingly, we must necessarily take up the contracted 
prescription 

-Rcr,s^ = na, (2.60) 

whence the overall expression for TaB^ has to be written as 

Tas'' =-(n« + 2i^„), (2.61) 

with Ha and ipa being world vectors [3] . 

Owing to the spin-density character of the e-formalism connecting objects, 
no metric meaning can be assigned to Ua- When considered together with Eq. 
(2.43), this fact constitutes one of the structural differences between the for- 
malisms. The quantities $a and (fa enter into the schemes as affine electromag- 
netic potentials that fulfill the Weyl gauge principle, in addition to satisfying 
wave equations which have the same form. In the presence of electromagnetic 
curvatures, the imaginary part of Eq. (2.42) may be utilized in the limiting case 
for making up TaB^ symbolically. When the limiting procedure is implemented 
in the absence of fields, turns out to vanish in some gauge frame. We will 
describe the limiting process at greater length later upon deriving the eigenvalue 
equations and specifying the gauge behaviours of typical spin-afEne structures. 

The right-hand side of the tensor relation (2.21) is also proportional to teab, 
with r amounting to a complex spin-scalar density of weight -|-1 given as 777. 
Thus, we can write the expansion 

"^aiTSBc) = daiTEBc) " TTaD^SBC 

= [daT - Tr,c^)eBC = (VaT)£BC, (2.62) 

which leads us to stating that the set of affine computational devices for the 
£-formalism can be entirely obtained in any gauge frame from that for the 7- 
formalism by making the simultaneous replacements 

^ n„, ^ ipa. (2.63) 
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It is evident that Eq. (2.60) emerges directly from 

Va(ei3ces'C') =0, (2.64) 
whilst Eq. (2.33) appears as the vanishing derivative 

^a^%B' ~ (^a^^BB' ^ ic'^'bB' ^ ^ o.b'^ B' ^ C.C.) — IIqS^^/. (2.65a) 

It follows that the e- formalism comrterpart of Eq. (2.34c) is given by 

Ti,-n- = I]^^,(rbs^C''C'^' + C.C.) - C^C^'^bS^i^, + (2.65b) 

The recovery in the e-formalism of covariant-derivative patterns for arbitrary 
world tensors may be achieved from the equivalent requirements [3] 

Vau^ ^T^'sB.Vau''^', (2.66a) 

and 

V,w^^' = Ef ^'Vau', (2.66b) 

where amounts to a world vector and u^^ is an Hermitian spin-tensor density 
of absolute weight +1. Some manipulations involving rearrangements of index 
configurations then yield the affine relationship [23] 

^AA'BB'CC + ^hCC'dAA'^BB' ~ (TaA'BC^B'C + C.C.) + UaA' £ BC^ B' C , 

(2.67a) 

where 

^AA'BB'CC = '^AA'^^B'^CC'^abc, (2.67b) 

and 

dAA' = ^AA'da. (2.67c) 

Equations (2.67) exhibit the world covariance of TaBC a-nd its complex conju- 
gate. The piece ^a{bc)A'{B'C') a-nd the spinor decomposition of Ta[bc] arising 
here are both of the same form as the ones given by Eqs. (2.44). Also, the 
expression (2.47a) for the torsionlessness of Tabc still holds formally, but the 
traceful part of r^jj-^c) is now subject 

r„ + Ef ^'a^E^B, = 0. (2.68) 

Transvecting Eq. (2.67a) with e^'~^e^ easily establishes the appropriateness 
of the condition (2.68). Likewise, recalling Eqs. (2.13a) and (2.43) brings back 
the 7-formalism equality 

0'AA'0'BS'0'CC'ra6c+ | 7 I CT/iCC'^AA' (| 7 O-fiS') 
= {lAA'BClB'C + C.C.) + QaA'IBCIB'C, (2.69) 

provided that 

O'AA'^BS'^CC'rabc =| 7 1^ '^\a'^BB'^CC'^ ahc- (2.70) 
^*The vanishing of the derivative (2.57) reproduces the condition (2.68). 
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2.4 Eigenvalue Equations and Metric Expressions 

One' of the most significant features of the formalisms is the; eovariant constancy 
of the £-metric spinors. This allows the implementation of the 7-formalism 
statement 

Va7BC = (7"^V„7)7sc, (2.71) 
which, when combined with Eq. (2.49b), yields the expansion 

Va7SC = {da log 7 - la)lBC- (2.72) 

Equations (2.1) and (2.2) then give the coupled eigenvalue equations 

Va7BC = i{da^ + 2$a)7BC, (2.73a) 

and 

V„7''^ = {-i){da^ + 2$a)7''^, (2.73b) 

along with their complex conjugates [3, 11]. The expansion (2.72) is consistent 
with Eqs. (2.54) and (2.58) as can be seen by working out the right-hand side 
of Eq. (2.71). We thus have 

7"^Va7 = \l^^^alBC = exp(-i$)V„ exp(i$). (2.74) 

It becomes evident that the occurrence of a purely imaginary eigenvalue in Eqs. 
(2.73) is associated to a property of the 7-formalism which had been exhibited 
before by the conditions (2.36) and (2.37). 

The partial derivative carried implicitly by the left-hand side of Eq. (2.71) 
can be isolated by utilizing the outer-product device 

OalBC = {ida^hBC - da^fBC, (2.75a) 

which comes from the computational prescription 

OalBC = iBcda log[7"^ exp(i$)] 

= l{dal~^)lBC + {ida^)lBC 

= 7[Sa(7"'7sc) - 7"'Sa7Bc] + {ida^hBC- (2.75b) 

Thus, part of the information contained in dajBC gets annihilated by the in- 
formation carried by 0ajBC when we bring together the pieces of Va^BC- This 
procedure gives rise to the following equations: 

dajBC = (ida^ - OahBC, (2.76a) 

dal'''' = {Oa - i5„$)7^^, (2.76b) 

and 

dailBClB'c) = -'29ajBClB'C', (2.77a) 

5a(7^S^'^') = 20a7^S^'^'. (2.77b) 

The eigenvalue carried by Eq. (2.76a) equals i9alog7 whence the parts of the 
contracted spin affinity (2.42) can be expressed as 

^a = l Re[7''''(Va - dahBc], (2.78a) 
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2$, = i Im[7^C'(y^ _ da)lBc]- (2.78b) 

A system of covariant eigenvalue equations for the non-Hermitian cr-objects 
arises from Eqs. (2.33) and (2.73). For bringing out the pattern of a typical 
eigenvalue, it suffices to derive the equation for either element of any of the 
conjugate pairs 

{ {^bB J ^bB ) J i^bB' J ^f)_B' ) } ■ 

Thus, taking account of the prescription, say, 

VaCT^B = ot^^alAB. (2.79) 

and employing the expansion 

VaCTb^B - S^sVa exp(i$) + exp(f$) VaE^^ , (2.80) 

yields 

VaotB = «(5a$ + "^^a^bB- (2-81) 

It should be noticed that Eqs. (2.80) and (2.81) imply that 

VaS^B = 0, (2.82) 

in agreement with the covariant constancy of the E-objects. 

If 7 is taken as a covariantly constant quantity in the 7-formalism, we may 
recover the expression (2.43) from Eq. (2.71), and achieve a metric specification 
of $a that enhances the absence of geometric electromagnetic fields, namely, 

(-2)$, = da^ - Va$. (2.83) 

To characterize this situation in an invariant way, it is enough to implement the 
condition 

Va7BC = 0, (2.84) 

which evidently produces a commutativity property involving the action of the 
metric spinors for the 7-formalism and the action of the pertinent V-operator. 
Equation (2.84) appears as a necessary and sufficient condition for the non- 
Hermitian tr-objects to bear covariant constancy. A procedure for illustrating 
the above statements, amounts to letting da act on the matrix configuration for 
75(7, likewise making use of a matrix form of Eq. (2.84). In effect, we have 



5a7 A _ / 77aB 



B 



-daj ; ~ V -77aB^ ' ' (2.85a) 

whence, in view of Eq. (2.49b), we are led to 

7a = da log 7 4:^ Va7 = 0. (2.85b) 

Equations (2.85b) can be alternatively derived by partially differentiating the 
relations (2.3). We then obtain the intermediate-stage configurations 

jdajBC - {dal)lBC = T^^Q (t" ^7-Bc) = 0, (2.86a) 



^^It can be established from Eqs. (2.78) that the world covariance of "/aB^ rests upon the 
world invariancc of the 7-mctric spinors. 
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which exhibit the gauge-invariant propert'vF^ 

daSBC = 0. (2.86b) 
It follows that Eq. (2.76a) can be reset as 

da\ogj = ^l''^daiBC- (2.86c) 

Apparently, the only procedure for extracting the spacetime information en- 
coded into jaB^ is associated to the implementation of the afBne prescription 
(2.45c). With regard to this observation, the key idea is to introduce the defi- 
nition [23, 28] 

da\ogfi = a^^'daa'^B', (2.87) 
with fi standing for a mixed real-scalar density of world weight —1 and absolute 
weight -f4. Hence, recalling Eq. (2.43) yields the expressions 

I 7 I' - M(-fl)'/', (2. 



and 

i-A)9a = ^a\og[^ii-gy/% (2.88b) 

It must be observed that the world-spin character of the derivative carried by 
the right-hand side of Eg. (2.87) can be clearly determined by contracting with 
the configuration^^ 

da'j'hB' = ilaB^^CB' + CC.) - Tac'^'^B', (2.89) 

which arises from Eq. (2.35), and likewise reinstates the relation (2.45c). If use 
is made of Eq. (2.58), we may infer that ^ has to satisfy the condition 

Va/i = 0. (2.90) 

In case the limit as the pair (| 7 |,$) tends to (1,0) is carried out, the 
eigenvalues borne by Eqs. (2.73) will turn out to equal ±2i$a- Consequently, 
because of the covariant constancy of the e- metric spinors, the behaviour of the 
left-hand sides of those equations can be controlled by the expansion (2.49b). 
As provided by the eigenvalue equations (2.76), the description of the limiting 
process is based on the gauge-invariant 9-constancy of the e-metric spinors, 
which implies that both eigenvalues tend to zero when the limit is actually 
implemented. Taking up covariantly constant 7-metric spinors would thus make 

into a vanishing gradient, and the outcome of the limit of jaB^ would appear 
as a useless quantity. Therefore, if is taken as a gradient, we will have to 
reconstruct the contracted affine structures for the e-formalism apart from the 
ones for the 7-formalism, but ipa will have to carry a gradient character as 
well insofar as any shift from one formalism to the other must not produce any 
electromagnetic fields at all. If the 7-metric spinors are taken to have non- 
vanishing covariant derivatives, then the form of the imaginary part of jaB^ 
will be left unchanged, but we shall still have to take account of Eq. (2.60) 
in order to recover TaB^ ■ We will elaborate further upon this situation in the 
following Subsection. 

^®We should stress that the operator da bears gauge invariance since arbitrary coordinates 
on OT do not carry any spin character at all. Because of this fact, we will in Subsection 2.5 
indiscriminately implement the relation d'^ = da- 

'^^Equation (2.87) is compatible with the standard world-affine transformation laws. 
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2.5 Generalized Gauge Transformation Laws 

As covariant derivatives generally possess the same form in both formalisms, the 
gauge behaviours of ^aB~^ and Y as'^ can be specified from one another by just 
replacing kernel letters. The original procedure for describing these behaviours 
[3] , amounts in either case to taking up the covariance requirement 

VUs = As^VaCc, (2.91) 

with being an arbitrary spin vector. Hence, by writing out the expansions 
of Eq. (2.91) explicitly, and using the derivative device 

t^B^'daic - d'a^B - (5aAs^)Cc, (2.92) 

after invoking the arbitrariness of , we end up with the configuration 

i9:,B^Ac^ = AB^z?„z5^ + a„AB^, (2.93) 

where the kernel letter d stands for either 7 or F, as before. Obviously, either of 
the affinities occurring in Eq. (2.93) can be picked out by adequately coupling 
all the involved pieces with an inverse A-matrix. We have, for instance, 

^'^^^ = Ks^'^aD^Kll^ + {daAB")Air- (2.94) 

There is an alternative procedure for deriving the law (2.94) which appropriately 
mixes up the unprimed and primed gauge frames. This consists in applying the 
Leibniz rule to the requirement (2.91), thereby supposing that any gauge-matrix 
components can always be covariantly differentiated in the same way as ordinary 
spin tensors. One thus obtains the correlation 

VUs = ^a^B - (V,AB^)ec, (2.95) 

which immediately yields Eq. (2.93). 

The behaviour of any contracted spin-affine structure for either formalism 
can be particularly attained by working out the coordinate derivative of the 
definition (2.26). For this purpose, we first note that Eqs. (2.76) vielcP^ 

daiM'^^'McD) = 0, (2.96) 

whence it is legitimate to account for the relation 

29, Aa = M'4^a,(A^^AB^)McD. (2.97) 

Additionally, carrying out the expansion of the 9-piece borne by the right-hand 
side of Eq. (2.97), and invoking the prescription (2.93), leads to the value 

2daA^ = Ui^'^ -V^''\ (2.98a) 

which carries the contributions 

j^(M) ^ m^^(^;^^Aa.^Ab^ + Kb''Aa''Aj,'')Mcd, (2.98b) 

l8"\Ye recall here that the kernel letter A/ presumably denotes either 7 or e. 
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and 

^2M^''AA^AB''^a[CD]- (2.98c) 
For the 7-fornialisni, we use Eqs. (2.18) to perform the coniputations 

f^a -7 \laA iMB+laB 1 Am) 

= 2AAy^^7;[^s] - 2Aa7;b'', (2.99a) 

and 

V!^^^ = T^'^TaC^T^iB = 2AA7aS^. (2.99b) 
In a similar way, for the e-formalism, we utihze Eqs. (2.25) to obtain 

Tt(^) — ^AB (j^i Ma Ca D , r' Ma Ca 
— ^At l-L a A ^AfB +-1-05 ^AM) 

= 2AAr;B^, (2.100a) 



and 

It follows that 



yie) ^ 2£^^AA'^AB^r,[cZ5] - 2AAr,B^. (2.100b) 



9aAA = Aa(^;b'' - ^as""), (2.101a) 
whence Eq. (2.94) can be cast into the form 

Kb"" ^^aB^" + \{da\0gAA)5B^. (2.101b) 

Then, making a contraction over the indices B and C carried by Eq. (2.101b), 
gives rise to the lawj^ 

laB^" = 7aB'' +5al0gAA, (2.102a) 

and 

Kb"" = ^aB^" + da log Aa, (2.102b) 

together with their complex conjugates. 

From Eqs. (2.102), we see that the gauge behaviours of the structures (2.42) 
and (2.61) have to be specified by 

K=Aa'- daA, (2.103a) 

e'a = ea-da\ogp, (2.103b) 

and 

K=IVa-da\ogp, (2.104) 

with the quantity Aa amounting to either $a or ipa- We point out that the 
transformation law for | 7 | as given in Subsection 2.2 can be recovered out of 



^^Onc should bear in mind that the metric prescriptions for lowering and raising spinor 
indices in both formalisms must strictly involve quantities defined in the same gauge frames. 



24 



combining Eqs. (2.43) and (2.103b). By appealing to Eqs. (2.76), we can also 
achieve the description of the geometric character of exp(«$) from 

= da^ + 2daA. (2.105) 

It turns out that the gauge behaviour of the partial derivatives of the 7-metric 
spinors can be fully described by the law 

log y = da log 7 + a„ log Aa. (2.106) 

One thus concludes that the eigenvalues of Eqs. (2.73) bear gauge invariance 
[3, 11], whence the invariant character of Eq. (2.84) can be fixed by taking into 
consideration the 7-formalism prescription 

V'„7bc = AAVa7BC. (2.107) 

The establishment of the law (2.103a) definitively characterizes and 
as the electromagnetic potentials of 'jas'^ and Tas'" , respectively. Likewise, Eq. 
(2.107) shows that if the 7-metric spinors are taken to bear covariant constancy 
in the unprimed frame, they will have to be looked upon as covariantly constant 
entities in the primed frame as well. Hence, if $a is a gradient in the unprimed 
frame, it will also be a gradient in any other frame. Consequently, as was ob- 
served before, taking the limit as 7 tends to 1 would annihilate both parts of 
7aB^ in the unprimed frame. In such circumstances, the primed-frame pieces 

and 0^ would evidently become proportional to 9a A and 9a log p, whciiice 
any contracted affine structures for the e-formalism would have to be entirely 
reconstructed in accordance with the prescriptions (2.61) and (2.104). It should 
be clear that the gauge behaviours of 97-equations like (2.76) and (2.77) may 
be controlled in any case by Eq. (2.106). Therefore, one can allow for a met- 
ric principle which describes in a gauge-invariant fashion the geometric aspect 
of the 7-formalism that concerns the presence or absence of electromagnetic 
curvatures. 

We can covariantly keep track of gauge behaviours by assuming that any 
V-derivative of some spin tensor or density can be carried out in any frame 
regardless of whether the kernel letter of the object to be differentiated is primed 
or unprimed. Let us, in effect, consider the 7-formalism expansion 

Interchanging the roles of the frames and making use of Eq. (2.102a) yields 

Kjbc = ^a-YBC - {da log Aa)7bc, (2.109) 
whence the covariant derivative of Eq. (2.108) obeys the relation 

Va7BC = ^Wbc + {da log Aa)7bc- (2-110) 
As a consequence of Eq. (2.110), we can account for the contracted derivatives 

J^'^VaJBC = l^'^^alBC ' da log(AA)', (2.111a) 

and 

7"'^Va7BC = l"'''KiBC + da log(AA)^ (2.111b) 
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which clearly reflect the interchange of frames implemented above. It appears 
that if either of Eqs. (2.111) had been considered alone, then the gauge-frame 
prescription for the other could have been obtained by effecting the substitution 

Aa ^ 6a. (2.112) 

Now, by taking account of Eq. (2.109), we write down the expansions 

KlBC = Ki^A-fBc) = AaV:.7sc + (V;Aa)7bc 

= AAVa7BC + (V;Aa - 9;Aa)7bc, (2.113) 

which suggest ascribing a gauge-scalar character to Aa, namely, 

V:.Aa = 9;Aa = daAA = VaAA. (2.114) 

From Eqs. (2.113), it also follows thaiEB 

7'^^V;7^c; = 7^^V,7sc, (2.115) 
whence the condition (2.36) is subject to the homogeneous law 

KilBclB'C')^ I Aa P V,(7BC7B'C')- (2.116) 

A covariant mixed-frame property arises when we work out covariant deriva- 
tives of the unprimed-index 7-metric spinors for the primed frame. For instance, 
taking Eqs. (2.114) into account gives 

Va7BC = Va(AA7i3c) = AAVa7BC + (9aAA)7SC, (2.117a) 

whence, because of Eqs. (2.108)-(2.110), we can write 

V1(Aa7Bc) + idaAA)-fBC = AaVI 7bc + (29aAA)7_Bc- (2.117b) 
Equation (2.109) then yields the prescription 

SA^alBC = KlBC + 2(9a log Aa)7BC, (2.118) 

which upon transvection with 7'^*^ leads to 

7^c^Vl7BC = 7"'^Va7^c - da log(AA)^ (2.119) 

Therefore, the sum of contracted V-derivatives having the same gauge-frame 
mixing is maintained when we interchange the frames, namely, 

7"'''Va7Bc + 7scVa7"''' = 7''''V:.7BC + 7scV;7''''- (2.120) 

An important feature of the covariant-derivative prescriptions we have ex- 
hibited is that they can be used as a metric technique whereby one may de- 
scribe subtly the transformation laws for the contracted spin affinities of the 
7-formalism. The best way of examining this situation is to observe that a re- 
quirement of the form of Eq. (2.91) comes out when we insert into the relation 
(2.110) the expansion 

Va7BC = AB'^Ac*'Va7LAf + V„(Ab^Ac'^)7lm. (2.121) 

^"Equations (2.114) enable one to say that the functions p and A carried by the definition 
(2.14a) are world-spin scalars. 
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Hence, implementing Eqs. (2.114) in the form 

V„(AB^Ac^')7LAf = (5aAA)7Bc, (2.122) 
produces the statement 

KlBC = AB^Ac'''Va7LM, (2.123) 

which effectively recovers the laws (2.102a) and (2.107). 

In both gauge frames, there occurs annihilation of part of the information 
carried by the covariant derivatives of A^^Ac*^ when the overall differential 
expansions are appropriately contracted with jlm or 7^jvf- The amount of 
information annihilated in each frame is not gauge invariant, and can be actually 
calculated by performing the relevant expansion. What results is, in effect, that 
the pieces 

{AAlaM'''lBC, AKl'aM^iBc) (2-124) 

cancel out when the contracted derivatives are individually built up. To estab- 
lish this statement, it is enough to rewrite Eq. (2.110) as 

Ki'bc = V,7sc " Va(AB^Ac*07LM, (2.125a) 
or, more explicitly, aj^ 

^ai^B^-^C^'hLM = dai^B^'^C^'hLM. (2.125b) 

Particularly, the pieces occurring in the configuration 

7^^Va(AB^Ac*')7LA/ = l''''^a{^B''Kc^')lLM, (2.126) 

carry only gauge-invariant information. 

At this point, it is expedient to reexpress Eq. (2.94) as 

iaBC = As^Ac'^SaLM + (9, Ab^)Ac*Slm. (2.127) 
Because of the pattern of Eq. (2.14c), we can write the useful relation 

(aaAA)7Bc = 2(9,Ab^)Ac*'7la^, (2.128) 

whence 

I'aBC = ^B'-^C^'laLM + ^(9aAA)7BC, (2.129) 

which recovers the law (2.101b). Hence, multiplying Eq. (2.129) by 7'^*^ rein- 
states the law (2.102a), since 

y^c-A^iAc'^SaLM = <5aAa7^^7,[bc] = 7as'', (2.130a) 

and 

i7'^^(9a AA)7i3C - S^daA^ = da log Aa. (2.130b) 
Furthermore, if we implement the splittings 

I'aBC l'a{BC} + ll'aM^'' IbC > (2.131a) 



2iWe notice that Eqs. (2.125) recover the relation (2.122). 
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and 

Ab^Ac^TuLM = AB^Ac^7a(LM) + ^Aa7„m^7sc, (2.131b) 
we will obtain the spin-tensor prescription 

ia(BC) = ^B^-Ac^laiLM) = AA7a(SC), (2-132) 

along with the law 

7aSC = Ab^ Ac^7a(LM) + \^A{7aM^ + da log Aa)7SC. (2.133) 

Upon proceeding to the derivation of the transformation laws for the e- 
forrnalism, we must call upon the structure (2.94) and work out the primed- 
frame configuration 

Kbc = Kb^^'^'mc- (2-134) 
The relations (2.114) and (2.128) still remain valid as they stand there since 
both formalisms involve one and the same gauge group, but the law (2.133) has 
to be replaced with 

Kbc = (AA)-'AB^Ac^r„(iM) + ^(r„M^ + a„ log Aa)£bc. (2.135) 

Equations (2.101b) and (2.102b) are thereby recovered, and we can write the 
prescription 

rl(BC) = (AA)~^AB^Ac*^ra(iM) = ^aiBC), (2.136) 

whence Ta{BC) is an invariant spin-tensor density of weight —1. It can there- 
fore be said that the symmetric parts of any spin-affinc connexions for both 
formalisms carry a gauge- covariant character. By making use of Eqs. (2.133) 
and (2.135) along with the equality 

da I Aa |'= 2Re(AAaaAA), (2.137) 

we also establish that the relationships (2.44a) and (2.67a) behave covariantly. 

Worthy of special consideration is the fact that covariant differentials in both 
formalisms of any typical geometric objects carry the same gauge characters as 
the differentiated objects themselves. This property exhibits the existence of 
a formal analogy between covariant derivatives of world and spin quantities in 
9Jt. It just comes from the combination of the outer-product extension of the 
requirement (2.91) with the prescriptions for building up arbitrary spin-tensor 
densities. For example, the gauge behaviour of the expansion (2.56) is specified 
by 

KUbc.d = (AA)''(AA)''AB^Ac*'...AB^V„C/LM...iv. (2.138) 
The prescription (2.54b) thus undergoes the transformation 

V; exp(i$') = Aa I Aa Va exp(i$), (2.139) 

while VaS^j^, behaves as 

Vaa%=\AA\Va<T'XA', (2.140a) 

and 

= ^J^'aa'- (2.140b) 
Equations (2.140) establish the gauge invariance of the V-constancy property 
of the elements of the set (2.8). 
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3 Spin Curvature and Wave Equations 



We shall now describe systematically the curvature spinors of 7as^ and Tas'^ ■ 
The pertinent computational devices carry the definition of a set of spinor differ- 
ential operators that constitute bivector configurations for torsionless covariant- 
derivative commutators. A rough form of such operators was first utilized by 
Penrose and Rindler [8] for describing the propagation of some charged spin- 
ning fields in the presence of external electromagnetic fields. Upon working out 
the procedures that yield the wave equations for gravitons, one has necessar- 
ily to implement a version of the gravitational Bianchi identity which amounts 
to an extension of that borne by the spinor classification schemes brought up 
earlier. As before, we will bring out the role of the geometric structures for 
the 7-formalism without leaving out the characterization of their £-formalism 
counterparts. 

A particularly remarkable geometric feature of the formalisms is that whereas 

any curvature spinors for the 7-formalism are subject to tensorial gauge trans- 
formation laws, the corresponding structures for the e-formalism carry a gauge- 
invariant density character. In either formalism, any conjugate gravitational 
and electromagnetic wave functions supply dynamical states for gravitons and 
geometric photons of opposite handednesses. The gravitational pieces of any 
curvature splittings for both formalisms likewise give rise to a common gauge- 
invariant cosmological constant. Wave functions for gravitons are geometrically 
expressed in the same way as for the physically weak cases of covariantly con- 
stant 7- metric spinors, but wave functions for geometric photons arc in any such 
case automatically made into useless vanishing quantities. Indeed, a system of 
gauge-covariant field and wave equations bearing prescribed index configura- 
tions is what controls the propagation of gravitons and photons in 9Jl [24]. 

The relevant commutators along with the ciirvaturc spinors are constructed 
in Subsection 3.1. We will exhibit the electromagnetic field and wave equations 
in Subsection 3.2. The gravitational statements arc given afterwards in Subsec- 
tion 3.3. As regards the curvature striictures themselves, any wave functions 
shall be taken as classical fields from the physical viewpoint. The inclusion of 
the description of Dirac fields in is made in Subsection 3.4. Either of the po- 
tentials of Eq. (2.103a) will be denoted simply as "!>„. All the main procedures 
shall obviously be completed in the presence of electromagnetic curvatures. The 
traces of any world quantities of valences {0,2} and {2,0} will be denoted by 
the kernel letters used to write the aforesaid quantities. Our choice of sign con- 
vention for the Ricci tensor Rat of Tabc coincides with the one made in Ref. [8] , 
namely, 

Rab =F Rahb^, 

with Rabc'^ being the corresponding Riemann tensor. 

3.1 Commutators and Curvature Spinors 

In either formalism, the information on the respective curvature splitting is 
carried by the world-covariant commutator [3] 

K, Vb]^'^^^' = 2V[„(V6]5'=^^') = 0, (3.1) 

where S'^^^ is one of the entries of the set (2.8). Expanding the middle con- 
figuration of Eq. (3.1), and invoking the covariant-differential prescriptions of 
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Subsection 2.3, yields the relatiorF^ 

+ C.C.) + S'^'"''' Rabh' - 0, (3.2) 

with 

WabA"" = 2a[al?b]^^ - i^aA^^bc'' " ^bA^^ac"") (3.3) 

being the defining expression for a typical Infeld-van der Waerden mixed cur- 
vature object for either formalism. Likewise, transvecting Eq. (3.2) with ScDB' 
gives 

2WabA'' + SA^'WabA'^' = S%b' S'''' Rabcd, (3.4) 

whence we can state that 

AReWabc^ = Rabh'' ^ 0. (3.5) 

Evidently, the procedure that yields Eq. (3.5) brings about annihilation of 
the information carried by Rabcd, whence the trace Wabc'^ appears as a purely 
imaginary quantity in either formalism. The simplest manner of deriving the 
explicit spin-affine expressions for the conjugate M^-traces of both formalisms, 
is to contract the free spinor indices of Eq. (3.3), verifying thereafter that the 
contracted pattern for the involved quadratic i9-piece vanishes identically. We 
thus obtain the electromagnetic expression 

Wabc"" = 25[aZ?b]c^ = (-4i)%$f,] . (3.6) 

The Ty-objects for both formalisms can be alternatively obtained out of the 
commutator 

^AA'^ls'fVa, Vb]C^ - WAA-BB-M^'e', (3.7) 

where C,'~^ is some spin vector. One can likewise recover the expression (3.3) from 
Eq. (3.7) by replacing in the case of either formalism C^*^ with a spin quantity 
defined as the outer product of a gauge-invariant world vector with a suitable 
Hermitian S'-matrix (see Ref. [33] and Section 4). 

The gravitational contribution to the curvature structure of either formalism 
amounts to ^ 

Wab{AB) = 2^AB'Sb^ Rabcd, (3.8) 

which bears the symmetries exhibited by Eqs. (2.9). We have then been led to 
the world-spin curvature splitting 

WabAB = ^S'AB'Si''' Rabcd ^ tFabMAB, (3.9) 

with Fab being the Maxwell tensor 

J^ab = 2a[„$fc] =2V[„<i>b]. (3.10) 

A symmetrization over the indices A and B of Eq. (3.9) obviously causes annihi- 
lation of the electromagnetic information carried by WabAB ■ In the 7-formalism, 
we have the covariant prescription 

KbAB = ^A^^B^'WabCD = A^WabAB- (3.11) 

^^The e-formalism version of Eq. (3.1) carries a term proportional to d^a^b] which may also 
be taken to vanish. This point will be made clear in Section 4. 
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In the e-formalism, the symmetric pieces Wab(AB) Wab{A'B') ^-re, respec- 
tively, taken as invariant spin-tensor densities of weight —1 and antiweight — 1, 
whence we have the law 

W!,,AB = {AA)-'AA^'AB''WabCD = WabAB, (3.12) 

along with the complex conjugates of the prescriptions (3.11) and (3.12). We 
should stress that WabA^ and Wabc'^ are gauge-invariant tensors in both for- 
malisms. 

The overall curvature spinors of either 705*" or TaB'" arise [23, 24, 33] from 
the bivector configuration borne by Eq. (3.9). We have, in effect, 

SAA''SBB'^abCD = Ma'B"^ABCD + Mab<jJ A' B' C D, (3.13) 

where ^ 

WaBCD = <^(AB)CD =i= 2^AA'S^b' WabCD, (3.14a) 

and ^ 

IjJA'B'CD = i^{A'B')CD =i= -^S%y^,S'0^WabCD- (3.14b) 

Due to the gauge characters of the PF-objects, the curvature spinors for the 
7-formalism are subject to the tensor laws 

^'aBCD = Aa^Ab'^Ac^Ad^OJlMRS = {^KfuJABCD, (3.15a) 

and 

^'a'b'cd ^ Aa'^' Ab''^^' Ac"Ad^l^l'M'r.s =1 Aa |2 uja'B'cd, (3.15b) 

whereas the ones for the e-formalism are invariant spin-tensor densities pre- 
scribed by 

i^abcd = (Aa)-2Aa'^Ab*^Ac'"Ad^wlmks = (^abcd, (3.16a) 

and 

^'a'B'cd = I Aa Aa'^' Ab'^' Ac^Ad^ul'm'rs = uja'B'cd- (3.16b) 

The Riemann-Christoffel curvature structure of 9Jt can be completely recov- 
ered from the pair 

G = (wab(cd)) ^a'b'(cd))- (3-17) 

Thus, the elements of the G-pair for each formalism enter into the corresponding 
spinor expression for Rabcd according to the gauge-covariant Hermitian prescrip- 
tion 

RaA'BB'CC'DD' = {Ma'B'Mc'D"^AB{CD) + MabMc'D"^A'B'{CD)) + C-C-- 

(3.18) 

This property was established [23] out of utilizing the expansion (3.13) along 
with the formulae 

ShA'Si'^'sf^^'s^^^, = (-2)M(^cM^)^, (3.19a) 

and 

ShA'Si'^'sf/'S^;^ = M^'^'m^cd) ^ 0, (3.19b) 
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for reexpressing the right-hand side of Eq. (3.8) as 

-Scj^,Sj^ Rabcd = Sj^'laSb]"^ ^AB(CD) + S^la^b] ^^A'B'{CD)- (3.20) 

We can see that the above-mentioned procedure recovers the symmetries borne 
by the bivector expansion (3.13). It properly annihilates the entire complex- 
conjugate piece of Eq. (3.18), and thereby allows one to pick up from Rabcd 
the elements of the pair given as Eq. (3.17). Hence, the gravitational cur- 
vature spinors of either formalism are defined as the entries of the respective 
G-pair. The symmetries carried by the configuration (3.20) correspond to the 
skew symmetry in the indices of the pairs ab and cd borne by Rabcd- In view of 
the spacetime symmetry Rabcd = Rcdab, we also have to demand the index-pair 
symmetries 

^AB{CD) = '^{CD)AB, ^A'B'(CD)—^{CD)A'B'- (3-21) 

The second entry of the G-pair for either formalism has therefore to be regarded 
as an Hermitian entity. Since unprimed and primed spinor indices always as- 
sume algebraically independent values [8], it can be said that there is no fixed 
prescription for ordering the indices of ijJa'B'{cd)- 

The cosmological interpretation of the gravitational spinors given in Ref. [8] 
may be attained if Eq. (3.18) is rewritten as 

RaA'BB'CC'DD' = {MA'B'Mc'D'y^ABCD + MabMc'D'^CA'DB') + c.c, (3.22) 

with the XS-spinors being defined by 

^ABCD =F -^M^ ^ ^ RaA'BB'CC'DD' = ^AB{CD)^ (3.23a) 

anj^ 

^CA'DB' =F -M^^M^ ^ RaA'BB'CC'DD' — ^A'B'{CD)- (3.23b) 

As was pointed up in Section 1, the developments leading to this insight had 
supported a spinor translation of Einstein's equations [8, 15]. We note that one 
of Eqs. (3.21) leads us to the statement 

M^^'XAiBOD =0^ M^'^X^A^BCID) = 0, (3.24) 

which produces the relations 

M^^'Xabcd = xMbc, (3.25a) 

M^'^'Xabcd = xMad, (3.25b) 

and 

Xab^"" = 2x, (3.25c) 

with X obviously standing for a world-spin invariant. Therefore, we can write 
the first-left dual pattern [8] 

* RaA'BB'CC'DD' — [{ — i){MA'B'Mc'D'^ABCD — M abMc D''^C A' DB')] + C.C. 

(3.26) 

^^The world version of either H-spinor enters the theoretical scheme as (— 2)S;,[, = sRat, 
with s being the operator involved in Eq. (2.44g). 
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Hence, calling for the world property *Rab"^ ~ 0, yields 

Ma'D'M^'^Xabcd - MadM^^'^^'Xa-e'C'd-. (3.27) 

whence Im^ = 0. The spinor ujab{cd) thus possesses eleven real independent 
components while wa' b' (c d) possesses nine [14] , with the number of independent 
components of Rabcd being thereupon recovered in both formalisms. One can 
see from Eq. (3.22) that the spinor expression for the Ricci tensor appears as 

RaA'BB' = 2ixMABMA'B' - ^AA'BB')- (3.28) 

The S-spinor of either formalism then satisfies the full Einstein's equations 

2Eaa'bb' = k{Taa-bb- - ^TMabMa'B'), (3.29) 
which correspond to 

2Eab = KsTab, (3.30) 

where n stands for the Einstein gravitational constant and Tat amounts to the 
world version of the energy-momentum tensor of some sources. For the Ricci 
scalar, one accordingly has the general trace relation 

i? = 8x = 4A + kT, (3.31) 

with A being the cosmological constant. It follows that, when only traceless 
sources are present, the spinor expression for the Einstein tensoi[^ is given by 

Gaa'bb' = -2Eaa'bb' — XMabMa'B' ■ (3.32) 

The symmetries of ^--abcd considerably simplify the four- index reduction 
formula 

^ABCD~^{ABCD) — ^^Mab^^^MCD) + Mac^^\mBD) + Mad^^\mBC)) 

— -^{MbC^'^'^ A{MD) + Mbd^'^^ A{MC)) ~ '^Mcd^ab'^^i ■ (3.33) 

When combined together with Eqs. (3.23) and (3.25), this property affords us 
the relatioiri 

2 

Xabcd = ^{ABCD) ~ ■^xMa(cMd)b, (3.34) 

with 

X(ABCD) — ^A{BCD) — ^{ABC)D- (3.35) 

Additionally, we stress that the Hermitian configuration 
{Ma{cMd)bMa'B'Mc'D') + c.c. 

= MadMbcMa'D'Mb'c - MacMbdMa'C'Mb'D', (3.36) 

^*The Einstein tensor equals Gab = ^Rab =^ Rab ~ \R9abt where f is the so-called trace- 
reversal operator. This operator is linear and possesses the involutory property = identity. 
It also commutes with s (see, e.g., Ref. [8]). 

^^The quantity A used in Ref. [23] was imported from Penrose and Rindler [8]. It always 
obeys the relation x = but the equality A = 6A holds only when T = 0. 
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gives rise to the splitting 

Ma'B' Mc'D'O^(ABCD) ~ ^ABCd) + C.C. 

2 

= ^x{MadMbcMa'D'Mb'C' - MacMbdMa'C'Mb'D')- (3.37) 

The electromagnetic contribution to the curvature spinors for either formal- 
ism comprises the pair of contracted pieces [24] 

E = {luabc^\ uja'B'c^'), (3.38a) 
which enter into the bivector decompositiort^ 

SAA'^BB'Pab — -^{Ma' B'^ABc'^ + Mab^A'B'c'^)- (3.38b) 

From Eqs. (3.10), we get the relationships 

WABC^ = 2zVf>s)C', (3.39a) 

and 

c^A'B'c^ = 2iVf^,$B,)c, (3.39b) 
whence we are led to the spinor splittings 

OJABCD = ^{ab){cd) + 2^{ab)l^Mcd, (3.40a) 

^A'B'CD = (^{A'B'){CD) + ^^{A' B')l'^ McD, (3.40b) 

along with their complex conjugates. Whereas the electromagnetic pieces of Eqs. 
(3.40) behave in the 7-formalism as spin tensors, they occur in the e-formalism 
as invariant spin-tensor densities subject to the laws 

u'abc^ = (Aa)-iA^^Ab*^ WLMC^ = ^ABC^, (3.41a) 

and 

^'a'B'C^' - (AA)-lA^,^'AB,*^'c^i-M'C^ = t^A'B'C^- (3.41b) 

As regards the computations that produce the derivation of any wave equa- 
tions for either formalism, the key covariant-derivative pattern is written out 
explicitly as 

i^AA'^BB'] = Ma'B'^AB+Mab^A'B'- (3.42) 

The A-kernels involved on the right-hand side of Eq. (3.42) are both symmetric 
second-order differential operators which bear linearity as well as the Leibniz- 
rule property. In the 7-formalism, they behave formally under gauge transfor- 
mations as covariant spin tensors, with the respective defining expressions being 
written asl^ 

Aab = yc'iA^B) - iPc'iA^B) > (3-43) 



and 



^^The spinors of Eq. (3.38a) obey the peculiar conjugacy relations ujabc''^ = ~^ABC'^ 



and loa'B'c'^ = -'^A'B'c'^ ■ 

^'''Equation (3.43) can be reset as /S-ab = 
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and 

Aa'B' = ^c(A'^B') + iPc{A'^%'), (3.44) 

where i^a amounts to the eigenvalue carried by Eq. (2.73a). For the e-formahsm, 
we have 

Aab = Vc'(AVg'), ^A'B' = Vc(A'Vg,), (3.45) 

with ^AB and A^/ b' thus behaving as invariant spin-tensor densities of weight 
— 1 and antiweight —1, respectively. It is useful to remark that the covariant 
constancy of M^^ ^ enables one to define the contravariant form of any A- 
operator. In particular, the 7-formalism version of A"^^, for instance, appears 
as 

^AB ^ _^yC'[A^BJ ^ ,pC'[A^BJ^^ ^3 ^g^^ 

or, equivalently, as 

A^^ =V[,^V^)^', (3.46b) 
with the relevant defining structure being in either formalism set aj^ 

^AB ^ M^^M^'^'AcD = Af^C^'M^'^ V^^' Vi5M' ■ (3.47) 

One of the implications of the eventual presence of electromagnetic pieces 
in curvature splittings is that an appropriate number of contributions carrying 
terms of the same type as the entries of Eq. (3.38a) must be borne by any A- 
derivative of arbitrary outer-product configurations. Equations (3.7) and (3.42) 
thus suggest that some of the most elementary derivatives should be prescribed 
in either formalism as 

AasC*^ = i^ABAi'^C^^ = Xabm'^C*^ + 2^abm'^'^ , (3.48a) 

and 

A , , C/-M C^M.'^,, M /-C /ISKA 

i^A'B'^, = i^A'B'M 4 = ^A'B'M 4 + -^^A'B'AI C, ■ (6Aiib) 

The basic prescriptions for computing A-derivatives of a covariant spin vector 
can be obtained from Eqs. (3.48) by carrying out Leibniz expansions of the 
product C'^Cc- We then havj^ 

AabCc = — ^Asc^^^A/ = -(Xasc^Cm + -^^^abm'^^c), (3.49a) 

and 

'^A'B'^C = —i^A'B'C^ £.M = — (Sa'B'C*^Ca/ + -j^'-^ A' B' m'^' ^c) ^ (3.49b) 

along with the complex conjugates of Eqs. (3.48) and (3.49). For the complex 
spin-scalar density defined by Eq. (2.22), we can write the derivatives 

Aabo = -voaujABC^ , (3.50a) 

Because of the symmetry of the A-operators, there is no need for staggering their indices. 
^^When acting on a world-spin scalar h, the A-operators recover the torsionlessness of Vabc 
as A 4fl/i = and A^/^/h = 0. 
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and 

AA'B'Ct = -maujA'B'c'^ , (3.50b) 
which are usually thought of as coming from the integrability condition [23] 

[Va, Vh]a = {-2n>a)d[a^b] = 2itvaFat, (3.51) 

with '0a standing for either of the affine devices 7q and TaB^ ■ It is obvious 
that the right-hand sides of Eqs. (3.50) and (3.51) turn out to vanish when 
gradient potentials are allowed for. Because of the presupposition that both 
d[a0b] S'Hd Sjallf,] vanish, any real spin-scalar densities must behave in either 
formalism as numerical constants with respect to the action of the corresponding 
A-operators. The patterns of A-derivatives of some spin-tensor density can 
evidently be specified from Leibniz expansions like 

AABiaBc.D) = iAABa)Bc...D + aAABBc.D, (3.52) 

with Bc...D being a spin tensor. It follows that if we invoke once again the 
outer-product extension of the requirement (2.91), observing that Eqs. (2.114) 
entail the constancy of Aa with respect to the action of the commutator of Eq. 
(3.1), we shall conclude that the gauge behaviours of generic A-derivatives bear 
both homogeneity and linearity in cither formalism. For example, we have the 
7-formalism law 

^'ab{o^'B'c...d) = (AA)"'AA«AB^Ac^...Az3^^AGH(aBL...M). (3.53) 

There are some situations of practical interest [24, 33] in which the cal- 
culation of A-derivatives can be carried out as if electromagnetic pieces were 
absent from curvature splittings. The first point concerning this observation 
is related to the fact that there occurs a cancellation of those pieces whenever 
A-derivatives of Hermitian quantities are explicitly computed in either formal- 
ism|f2l Such a cancellation likewise happens when we let A-operators act freely 
upon spin tensors of valences {a, a; 0,0} and {0,0;c, c}. For tu < 0, it still oc- 
curs in the expansion (3.52) when the valence of Bc...d equals {0, — 2tt); 0, 0} and 
Ima 7^ everywhere. A similar property also holds for cases that involve outer 
products between contravariant spin tensors and complex spin-scalar densities 
having suitable positive weights. 

3.2 Wave Equations for Geometric Photons 

In both formalisms, the wave functions for geometric photons constitute the 
bivector decomposition given by Eqs. (3.38). The relevant definitions are ex- 
pressed as 

<PAB = -j^^ABC , (PA'B' # -j^^A'B'C , (3.54) 

together with the field-potential relationships 

^ -Vf^$B)c', 0A'B' = -V[^,$s.)c, (3.55a) 

and 

4>AB ^ v[,^$s)^', 0-4'^' = V^^'$^')^. (3.55b) 

^''As an illustrative example, we have the pattern 2 Re((T^g, A^^m^^ ) = 
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These wave functions are inextricably rooted into the curvature structure of 
9Jt, being locally considered as massless uncharged fields of spin ±1. At each 
point of DJl, they represent the six geometric degrees of freedom of WabA^, in 
accordance with the expansion 



SAA-SBB'Fab = Ma'B'^AB + c.c, (3.56) 



and its dual 



SlA'SU'Kb = mAB<l>A'B' - C.c). (3.57) 



In the £-formalism, 4'ab and (j)A' b' bear gauge invariance, with any rearrange- 
ments of the indices carried by Eqs. (3.54) likewise leading to gauge-invariant 
fields. On the other hand, the only index configurations that yield invariant 
fields in the 7- formalism are supplied by (f>A^ and (f>A'^ , which visibly carry an 
invariant spin-tensor character in the e-formalism as well. The corresponding 
field equations arise from the coupled conjugate statements 

V^^'iS^AA'S'BB'Fab + ^S'XA'S'BB'Kb) = 0, (3.58a) 

and 

V^^'iSlA'S'BB'Fab - iSlA'S'BB'Kb) = 0. (3.58b) 

We then have the Maxwell equations 

V^^'(Ma'B'0ab) = 0, (3.59a) 

and 

V^^' {Mab4>A'B')^(). (3.59b) 
In the 7-formalism, Eqs. (3.59) give rise to 

V^^>AB = i/S^^'Vab, (3.60a) 
VaB^^'' = (3.60b) 



and 



V''^'(t>A'B' = -z/S^-^Va'B', (3.60c) 



^BA^"" = iPba4'' , (3.60d) 

with the /3-spinor being the same as the one carried by the definition (3.43). 
The specification of the gauge behaviours of Eqs. (3.60) can be attained from 
the law 

(y'AB' _ ^ exp(2^A)(V■4^' - z/?^^')(/.Ai3, (3.61) 

whence the gauge invariance of Maxwell's theory turns out to be exhibited by 
either 

V^B'^,^B ^ I |-i v-^s'^^B ^ (3.62) 

or the complex conjugates of Eqs. (3.62). Clearly, this result is compatible with 
the gauge invariance of the vacuum equationj^ 

V'Fab = 0, V'F^fc = 0. (3.63) 



'The second of Eqs. (3.63) stands for the electromagnetic Bianchi identity. 
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In the e-formalism, Eqs. (3.59) are reduced to the gauge-invariant massless- 
free-field equations 

V^^>As = 0, V^^Va'B' = 0. (3.64) 

The gauge invariance of Eqs. (3.64) is independent of any choices of index 
configurations because of the V-constancy of the e-metric spinors. 

In either formahsm, the basic procedure for obtaining the wave equation that 
controls the propagation of (I>a^ , amounts to operating on it with the sphtting 

VS,V^^' = A^^ - ^M^^'n, (3.65a) 

and working out the resulting structure. For completing the calculational steps 
in a systematic fashion, it is necessary to take account of the algebraic rules 

2VfcVA]A' = MacD = V^' (McaV^O, (3-65b) 

and 

along with their complex conjugates and the gauge-invariant definitiorl^ 



2^1C^A]A' ^ ^jCA^ ^ ^D^^^AC^^^^ (3 gg^) 



□ = St,, 1, 5^*"-^' Va Vb = Vmm' y'"'' . (3.65d) 
In the 7-formalism, we thus have 

V2,V^^'0^^ = A^^0^^ - l^^^'aq^A"" = 0. (3.66) 

Owing to the valence pattern of (pA^ , the A-derivative of Eqs. (3.66) just carries 
X(/)-pieces, namely, 

A^^</.^^ = X^^m^'^a'' - X^^a'Um'' = A-^(^0^^). (3.67) 

The property concerning the symmetry brought out by Eqs. (3.67) can be 
deduced by allowing for the computation 

A^I'^^^^l 

= Ixi'^^'ilML^^''- - l^''<t>AM) ^ 0. (3.68) 

Hence, by rearranging the indices of Eqs. (3.67) adequately, and invoking the 
expansion (3.34), we get the contribution 

A^^0^^ = - (3.69) 

which leads us to the gauge-invariant equation 

(□ + ^x)0A^ = (-2)vl/^z.^^(/)c'', (3.70a) 



32The property ^a{MABMA'B') = implies that Vmm'V*"^' = V^^^f'y^ 



38 



with the definition 

"^ABCD =F l^{ABCD) = '^{ABCD)- (3.70b) 

For the reason that bears a tensor character in both formahsms, one 
can say that the e-formahsm version of A'^'-^(^^^ is formally the same as Eqs. 
(3.67). Then, the corresponding wave equation is an invariant tensor statement 
of the same form as Eq. (3.70a). The £-formalism wave equation for cpAB may 
of course be readily written down as 

(□ + ^X)(^AB = 2^AB^'''ct>CD. (3.71) 

These results agree with the fact that the wave function (pAB for the e-formalism 
is a two-index covariant spin-tensor density of weight —1. Consequently, one 
may implement the purely gravitational pattern of Eqs. (3.67) upon expanding 
A^^(j)Ac- The 7-formalism version of Eq. (3.71) emerges from working out the 
configuration 

2A^^ ^AB - l^^a^AB = V%{2il3^^'(t>AB), (3.72a) 
with the pertinent equation amounting, in effect, to the spin-tensor statement 

(□ - 2il3''Vh - T(p) + ^x)^AB = 2^AB^''<i)CD, (3.72b) 

where 

T(P) = P'^Ph + i(n$ + 2V/,$''). (3.72c) 

Explicit calculations [23] show that the right-hand side of Eq. (3.72a) is essen- 
tially constituted by the Leibniz contributions 

/3^^'VcA'</'As = (/J^'Vft - ij^Vft)</'sc, (3.72d) 

and 

(VcA'/3^^>As = + Vh^^)(l>BC + 2(t>c^cj>AB. (3.72e) 

Upon joining pieces together, we see that the (skew) quadratic term Ai(j)c'^(j)AB 
cancels out because of the expansion 

2A^^<i>AB = IxcI>b'' - 2*B™<^MiV - 20J^^M^<I>AB. (3.72f) 

In either formalism, the wave equation for ^aa' can be derived by working 
out any of the relationships (3.55). For instance, 

(-2)</>A^ = V^^'^AB' + M^^vf $CB', (3.73a) 

whence 

yAA'ySB'^^^, + V^^'(M^c^vf $CB') = 0. (3.73b) 
For the first piece of Eq. (3.73b), we may utilize the operator splitting 

^aa'^bb' ^ ^BA'^AB' ^ M^^(iM^'^'n + V^^'V^')^), (3.74) 
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to obtain the expression 

^AA'yBB'^^^^ ^ M^B^^^^^jA'B'^ ^ ^{A'^B')C^^^^, _^ V^^'o, (3.75a) 

where is the Lorentz world scalaiF^ 

^ Smm' 5'*"'' Va<i>6 = Vmm' . (3.75b) 
For the other piece of Eq. (3.73b), we have the calculation 

V^^'(M^^Vf' c&csO - V^^'(Af^^Vf>c)s' + Im^'^McaQ) 

= _iv^'^'e, (3.76) 

with Eqs. (3.62) having been employed. 

The complex conjugates of Eqs. (3.46) supply the 7-formalism configuration 

whence adding together Eqs. (3.76) and (3.77) produces the structure 

Vs'e - - 2A^'-^'$BB, = 0. (3.78) 

By virtue of the Hcrmiticity of ^ab', the A-cxpansion of Eq. (3.78) carries only 
the gravitational contribution borne by 

A^'^'^AB' = Ira^'^^'^'^bb', (3.79) 

with Raa'bb' being given by the relation (3.28). Some trivial manipulations 
then yield the statements 

a^AA' + RaA'^'^'^BB' - ^AA'Q = 0, (3.80) 

and 

(□ + |)$AA'-VAA'e = 0, (3.81) 

which turn out to be equivalent whenever 'Eat = 0. 

It has become obvious that the e-formalism version of A"^ ^ ^ab' bears the 
same form as the structure (3.79). Combining Eqs. (3.75) and (3.76) thus leads 
to a wave equation of the same form as the statement (3.81). Since the action of 
either D-operator on any appropriate Hermitian ^-matrix produces a vanishing 
outcome, we can establish that electromagnetic potentials for both formalisms 
must coincide with each other when electromagnetic curvatures are present. If 
instead of Eq. (3.73a) we had used the configuration for either (f>AB or 0"^^, 
we would have derived the same wave equations for ^aa' as the ones exhibited 
above. In either formalism, the pattern of the spacetime wave equation for $a 
could therefore be recovered from Eq. (3.80) by invoking the requirement (2.33). 
We stress that the main point regarding the situation at issue is associated to 
a commonness feature of the Maxwell bi vectors carried by the formalisms. It 
apparently gets strengthened when one carries out the world computation 

^'Fba = V\Vb^a - Va$6) = ^ .g'^iV,,, V„] + V„Vh)$b 

= D^a - [Vfa, V,]$^ - VaO - + Ra'<^>b - V^O. (3.82) 

^^The quantity © transforms under the action of the Weyl group as ©' = — DA. 
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3.3 Wave Equations for Gravitons 

The totally symmetric spinors borne by Eqs. (3.70) and (3.71) are the Weyl 
spinor fields of the formalisms. In both frameworks, they enter together with 
their complex conjugates into the spinor expression for the Weyl tensor Catcd 
of sot, according to the scheme [8, 15] 

SaA' ^BB' ^CC ^IJD'^abcd = Ma'B'Mc'D''^ABCD + C.C.. (3.83) 

At each point of St, the conjugate ^I'-fields for either formalism are taken to 
represent the ten independent degrees of freedom of gab- Physically, they are 
massless uncharged wave functions carrying spin ±2, which are deeply involved 
in the gravitational structure of 9H. To derive the relevant field equations, 
one has to utilize the expression (3.26) for working out the coupled Bianchi 
relation^ 

M(^'d'v^^'*Raa'bb-cc'dd- = 0, (3.84a) 



and 



M^''V^^'*Raa'bb'cc'dd- (3.84b) 



In the 7-formalism, Eq. (3.84a) takes the explicit form 

V^/Xabcd — 2i/3^/XABcn = '^a'B'cd, (3.85) 
which can be reset as 

V^^^'O^ABC^'lA'B') - V^^'(S^,b'c^7ab). (3.86) 

Hence, performing a symmetrization over the indices B, C and D of Eq. (3.85), 
and recalling the property (3.35), yields the statement 

V^/^ABCD - "^iPB'^ ABCD = ^ fs'^C D)A' B' ■ (3.87) 

We emphasize that the skew parts in B and C of the individual terms of Eq. 
(3.85), produce a differential cosmological relationship whose applicability does 
not depend upon whether electromagnetic curvatures are present or absent. We 
have, in effect, 

Vb'X^[BC]D — 2il3g,XA[BC]D ~ ^fB'^C]DA'B', (3.88) 

whence, after performing some calculations, we obtain 

i~8)V'^^'EAA'BB' =yBB'R- (3.89) 

The procedure that leads to the statement (3.87), annihilates the information 
carried by the x-piece of Eq. (3.34). In vacuum, we can then write the gauge- 
covariant eigenvalue equations 

V^^'^ABCD = 21/3^'''^ ABC (3.90a) 

and 

V^B'*^''^'' - (-2^)/3AB,*^^^^, (3.90b) 
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The world version of the gravitational Bianchi identity is written as Rabcd = 0- 
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I^AE M,T, CD I ^AE A/,T, CD\ 



which can be rewritten as the invariant massless-free-field equation 

V^-^'^As^^ - 0. (3.91) 

The £-formalism version of ^ ab'^^ amounts to an invariant spin-tensor wave 
function, whence the respective field equation is formahy the same as the state- 
ment (3.91). 

For the purpose of deriving the wave equations for gravitons in both for- 
mahsms, one may adopt the same basic procedure as that for the electromag- 
netic situation. In the 7-formalism, we thus allow for the splittin j^ 

ViV^^'*AB^^ = A^^vi/^^c^ _ i7-4^^nvI/^B^^ = 0, (3.92) 

and account for Eq. (3.34) to perform the calculation 

aABiT/ CD fvAE C.T, MD ,^AE D,t, CM\ 
A Was = M ^AB + ^ M ^AB ) 

M' 

= 2x*^^^b-3Q('^^^)Vb 

= 2x*^^^B-3Q(^^^^)7LB, (3.93a) 
where the auxiliary definition 

qCDEL ^ ^^^^CD^ELMN (g gg^^) 

has been implemented. The legitimacy of the last step of the calculation just 
taken into consideration stems from the total symmetry of the ^'-wave functions, 
which provides us with the relation 

QiCDEL) ^ QiCDE)L_ (3 93^) 

Consequently, one is led to the gauge-invariant vacuum equation 

(□ -I- 4x)*ab'^^ = 6M'MA'"^^*^^)'''^7BA7LB- (3.94) 
The e-formalism version of the splitting (3.92) reads 

As the index configuration of '^ab^^ yields a spin-tensor character in both 
formalisms, we can say that the computation of the A-derivative of Eqs. (3.95) 
possesses the same form as that shown above as Eqs. (3.93). It is also clear that 
any A-derivatives of "^abcd within the e- framework carry only gravitational 
contribution^lffl since we are supposedly dealing with a four-index covariant spin- 
tensor density of weight —2. It follows that we can write down the e-formalism 
statement 

(□ + 4x)^ABCD = a-^MNiAB'fcD)^'''- (3.96) 



^^The splitting (44) of Ref. [33] carries a missct sign. 

^^This observation is evidently similar to that made previously concerning the e-formalism 



version of A-derivatives of 4>ab- 
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The 7-formalisin pattern for A^^'^'abcd appears as 

(2A^^ + 2*/3^^'v^, - -f^^D)^i!ABCD = (-4*)V^^'(/3^,vi;^BCi5). (3.97) 

Some of the pieces of Eq. (3.97) can be manipulated to give the individual 
contributions 

2AE'^'i'ABCD = 'ix'i'BCDE - GQ(BCDE) + Si'l^E^'i' ABCD, (3.98a) 

2il3i'v^,^ABCD = 2(/3V/0*BCDis, (3.98b) 

and 

(-4^)Vi'(/3i^'ABCD) = (2/3^/. + 4^/3''V,, + T^g))^BCDE + Si^e^^abcd, 

(3.98c) 

with 

T(g) =2(/3'% + T(p)). (3.99) 
The resulting wave equation is thus written as 

(□ - 4z/3"V;, - T(g) + 4x)^ABCD = 6'^MNiAB'^CD)''^- (3.100) 

Equations (3.94) and (3.100) may be derived from one another by taking 
account of the prescriptions 

d'^ABCD = ^{"^AB^^'lLClMo), ^{ILCIMd) = -'^(g)lLClMD, (3.101a) 

and 

2(V,^'Ai3^*')V'^(7Lc7A/i3) = 4(2/3''/3^ + iP''^ h)'i' abcd- (3.101b) 

By following up this procedure, we can deduce Eq. (3.100) without having to 
perform the somewhat lengthy calculations that yield the contributions (3.98). 
It becomes obvious that the 7-formalism wave equation for -^^bcd 
derived by making use of a similar procedure which takes up the configurations 

r^,j,ABCD ^1 AL BM.j, CD\ rn/ AL BM\ ^ AL BM /q ino„\ 

□w = 0(7 7 Wlm ), ^(7 7 ) = - JL(g)7 7 , (3.102a) 
and 

2V'^(7^^7^*0(Va*LM^^) = 4(2/3''/3„ - i/3"V,,)vI/^^c^. (3.102b) 
In effect, we have 

(□ + Aip'^Vh - T(c;) + 4x)*^^^^ = e^M^v^^^*^^^*'"^. (3.103) 

Therefore, as had been established by Cardoso [23] , the 7-formalism wave equa- 
tions satisfied by any fields of valences {a, 0; 0, 0} and {0, a; 0, 0}, as well as their 
complex-conjugate versions, can be obtained from each other by invoking the 
interchange rulj^ 

iP^Vn o (-i)/3'^V,, (T(p), T(g)) o (T(P), T(e)). (3.104) 



^''This rule supplies the equation (□ + 2i/3'' Vh -Tf (-p) + f x)0'*^ = 2^"^^ cD<t>'^^ straight- 
away from the statement (3.72b). The sourceless wave equations for the £-formaIism version 
of (jiAB and ^ ABCD were derived for the first time in Rcf. [15] without taking account of any 
spin-density characters. 
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In the presence of sources, one has to rewrite Eq. (3.87) as 

^i'^fABCD - 2iP^,^ABCD = ^^tBTcD)A' B' ■ (3.105) 

It should be noticed that the right-hand side of Eq. (3.105) does not involve 
the T-trace piece of Einstein's equations. The sourceful field equation for the 
7-fornialisni ^P-wave function of valence {4, 0; 0, 0}, is thus set as 

V^B'*^^'^'^ + 2z/3^B'*^^'='^ = -^(V-4'(^tC^)a'B' + 2iP^'(^T^^^A'B'), 

(3.106) 

and, consequently, we also have 

\/g,WAB ^2 ^ ^ {B-'-MN)A'B'- (3.1U7) 

Hence, the e-formalism counterparts of Eqs. (3.105)-(3.107) possess the form 

^i>^ABCD^^Vf;,Tcn)A'B', V^B'*^^^^ = -|V^'(^T^^)^,B', (3.108) 
and 

v^,*^s'"^ = ^(v^'r(^^)^,B' + 2V^'(^rs^)A'B'). (3.109) 

According to the work of Ref . [33] , the source contributions to the propa- 
gation of gravitons in 9Jl can be implemented in the 7-formalism by modifying 
the wave equations (3.100) and (3.103) to 

(□ - ilP'^V,, - T(g) + ^)^ABCD - 6'^MNiAB'i'cD)^'^ = ->iSABCD, (3.110a) 

and 

(□ + 4z/3''v/.-T(g) + |)vI'^^^^-6vI/Miv(^^*^^)*'^ = -Ks^^^^, (3.110b) 
wherj^ 

SABCD = 7L{A^B '"TcD)A'B' = S(ABCD)- (3.111) 

In the e-formalism, we correspondingly obtain 

(□ + ^)-^ABCD - ^■^MN(AB-^CD)^''' = -«Vf;Vi'Tcc)A'i3' , (3.112) 

together with 

(□ + ^)^ABCD _ Q^^^^iAB^CD)MN ^ ^^^iA\A' ^B' \Bj,CD) ^ (g^^^g) 

3.4 Wave Equations for Dirac Fields 

As in the presentation of world-spin curvature objects, the treatment of Dirac 
fields as given by Infeld and van der Waerden [3] entirely left out the decom- 
positions that occur in operator-bivector expansions for covariant-differential 
commutators. The achievement of the spinor computational techniques utilized 

38lt is worth observing that the property Tat = T^^b) yields T^cD)A'B' = T(CD){A'B')- 
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in the foregoing Subsections is what has really afforded a natural description of 
the fundamental couplings which should be carried by the wave equations for 
Dirac fields in 2H [22]. A notable feature of these configurations is that they are 
strictly exhibited by the 7-formalism patterns of the statements which control 
the propagation of the fields. The absence of £-formalism interaction pieces is 
just due to the spin- vector-density character of the corresponding Dirac fields. 
Only 7-formalism couplings of electrons and positrons with background pho- 
tons are brought about by the relevant procedures, there actually occurring no 
couplings that involve explicit wave functions for gravitons. 

The issue concerning the derivation of the couplings between Dirac fields and 
geometric photons is now entertained. Of course, the spin-curvature splittings 
of 971 will be assumed to carry nowhere- vanishing electromagnetic contributions. 
Like the case of the Infeld-van der Waerden formulation, we think of any Dirac 
field as a classical wave function whence no specific energy character will be 
ascribed to it here. The A-operator prescriptions of Subsection 3.1 will be used 
so many times that we shall no longer refer to them explicitly. 

A Dirac system can be defined in either formalism as the conjugate field 
pairs borne by the set 

D = {{V^^,XA'},{XA,V'^'}}. (3.114) 

All fields of this set are taken to possess the same rest mass m. The entries of 
each pair have the opposite helicity values -1-1/2 and —1/2, but such values get 
reversed when we pass from one pair to the other. In addition, each of the pairs 
carries the same electric charge, with the charge of one pair being opposite to 
the charge of the other pair. In the 7-formalism, any element of the set (3.114) 
behaves as a spin vector under the action of the gauge group. The unprimed 
and primed elements of the former pair appear in the e-formalism as spin-vector 
densities of weight -1-1/2 and antiweight —1/2, respectively. It is clear that the 
weights of the e- formalism version of the conjugate fields turn out to be the 
other way about. 

In both formalisms, the theory of Dirac fields was originally taken [3] as the 
combination of the statements 

V^A'V^^ = {-^^^i)XA', V^^'xA' - {-iy)^^ (3.115) 

with their complex conjugates In the 7-formalism, the field equations (3.115) 
are equivalent to 

V^^Va = iil^x""' + fi^^'^A). (3.116a) 

and 

Vaa'X^' = ^(mV^a + fiAA'X^')- (3.116b) 
The e-formalism version of Eqs. (3.116) is given by 

V^^'Va = ^/iX'^^ Vaa'X-^' = (3.117) 

which evidently can be recast into the form of Eqs. (3.115), with the wave 
functions of the pair {V'A, X^ } showing up as spin- vector densities of weight 
— 1/2 and antiweight -1-1/2. Hence, if we operate with V;^ on the first of Eqs. 

^^The coupling constant borne by Eqs. (3.115) carries the normalized rest mass = m/\/2. 
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(3.115) , thereby implementing the field equation for XA', we will arrive at the 
7-formalism relation 

{^abD - 2Aab)4''^ = (-2)mVs, (3.118) 
which amounts to the wave equation 

(□ + |+m2)^^ = (-2z)0^B^''. (3.119) 
A similar procedure yields the statement 

{D + ^+m^)XA' ^2t(l)A''''xB', (3.120) 

which accordingly comes out of the configuration 

(2A^'^' - 7^'^'n)XA' = {-2)fi\'''. (3.121) 

The £-formalism counterparts of Eqs. (3.118) and (3.121) involve the purely 
gravitational derivatives 

Aab^P^ = -f V'B, A^'^'xA' = f X^', (3.122) 
whence the corresponding statements are written af0 

(□ + ^ + m^)^^ =0, (□ + J + m^)xA' = 0. (3.123) 

It becomes manifest that the reason for the non-occurrence of geometric Maxwell- 
Dirac interactions within the e-framework is related to the weight-valence at- 
tributes of the respective Dirac wave functions. 

A particular procedure for deriving the 7-formalism wave equations for ipA 
and x^ consists in allowing suitably indexed V-operators to act through Eqs. 

(3.116) , likewise taking up either the contravariant differential configuration of 
Eqs. (3.65c) or its complex conjugate. For ipA, for instance, we thus have the 
differential relation 

A^^ - ll^^'OijA = zVf , i^lx^' + P^^'i^A). (3.124) 

Some calculations similar to those for geometric photons performed anteriorly, 
supply the following contributions to the right-hand side of Eq. (3.124): 

*/3^^'vf,VM = \{P''Ph)^'' - ii^^'iP'^^hi^A) - i^P^'^'xA', (3.125) 

anc0 

(Vf,/?-^^>^ = \{VhPV + (3.126) 
Then, implementing the expression 

A-4^^^ = |v^^-|-z0-^^Vm, (3.127) 

*°In the £-formalism, we also have (□ -I- -j -I- m?)tl>A = and (□ + ^ m'^)x^ = 0. 
^'^It should be noticed that the computation which yields the right-hand side of Eq. (3.126) 
actually absorbs one of the relations (3.55). 
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along with Eq. (3.116b), yields 

(□ - 2i/3''Va - T(p) + ^ + m^)iJA = 2#a''V'b, (3-128) 

with T(p) being given by the definition (3.72c). For , we likewise obtain the 
formulae 

ipAA'^ia^' = liP''Ph)XB' + ijA'B'iP'^^hX^') - (3.129) 
{Vi,(3AA')x^' = l{Vhl3'')XB' - 2<^A'B'X^', (3.130) 



and 



Aa'B'X^' = ^4>A^B'X^' - ?XB', (3.131) 



which give rise to the equation 



(n - ^ifi'^Vh - T(.p) + I + m2)x^' = (-2z)0^'b'X^'- (3.132) 

The consistency between the 7-fornialism wave equations we have exhibited 
may be verified by taking into account the prescriptions 

U^^^ = -T(p)7^^, U^BC = - V)7BC, (3.133a) 

and 

□^A ^ ^AB^^^ ^ {n-i^'')^B + 2(V"7'4^)V;,^B, (3.133b) 
along with 

AabV'c - -iMci^ABi'^ = 2i(t>ABi^c, (3.134a) 

and 

Aa'B'XC - IM'C'^A'B'X'^' = i-2i)(l>A'B'XC'- (3.134b) 

It can then be said that the right-hand sides of such wave equations are the only 
structures which carry the interaction patterns produced by the propagation in 
9Jt of the fields borne by the pairs {V'^jXA'} and {V'yi-X'^ }• We point out 
that these patterns are not affected by the implementation of any devices for 
changing valence configurations like the ones of Eqs. (3.133) and (3.134). 



4 Conclusions and Outlook 

The only spacetime-metric character of the e-formalism is exhibited by Eqs. 
(2.7b) and (2.68), which thus yield the expressions 

e = if (-0)-i/2, Sf^'9„E^s' =9aloge, 

where K stands for a positive-definite world-spin invariant. An e-formalism 
counterpart of Eq. (2.90) can therefore be brought into the overall metric pic- 
ture, according to the requirement 

V„e = 0. 
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In addition, the transformation law (2.104) suggests the implementation of a 
prescription of the type 

n„ = a„iog(| E]-!) ^5[„n(,] = 0, 

with I E I amounting to a covariantly constant world-invariant spin-scalar den- 
sity of absolute weight +1 that carries no specific metric meaning. This pre- 
scription can be considered as a formal counterpart of Eq. (2.43), which is 
merely associated to the spin-displacement configuration 

Uadx'' =dl0g{\E\-^). 

Its utilization guarantees the genuineness of the e-formalism version of Eq. (3.1) 
through 

V[,(nfc]E'^^^^') = E^^^'a[„n,] =0. 

In the 7-formalism, the presence or absence of intrinsically geometric elec- 
tromagnetic fields is traditionally controlled by means of the metric devices 
provided by Eqs. (2.73). In fact, the derivatives (3.48) and (3.49) supply alter- 
native "electromagnetic switches" of the form 

Aas7cd = (Aab7)£cd = (2i(/)AB)7CD- 
Then, whenever is taken as a gradient, we may allow for the relationship 

{-2)(I>AB = Aab$ = 0, 
which obviously brings out the torsionlessness of Va as expressed by 

[V„,V;,]$ = 0. 

Another noteworthy difference between the formalisms is related to the non- 
availability of any e-counterparts of such electromagnetic devices. 

A gauge-covariant form of the limiting procedure gets clearly exhibited when 
we call for the 7£-formulae 

0(7) _ 

and 

p(7) _| |3p(e) 

^ A(BC)A'(B'C') ~\ 'I ^ A(BC)A'(B'C')-' 

together with 

^h(B9\a\<^C)D' = l^h{B9\o.\^C)D' ^ 

and 

la{BC) = l^a{BC)- 

Such structures can be used to show that the definition (3.3) for the 7-formalism 
equals its e-formalism counterpart, that is to say, 

''abA abA ^ abAB ''"abAB- 

Consequently, one can write the configuration 

^aBC = 2^^iB dc)D'9ab + S^(B^\a\Sc)D' + l^aD^Msc), 
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together with Eq. (2.61) and the explicit 7-formaUsm expression 

We thus have been able to build up a metric exprcKsion for "faBC and likewise 
to construct out of employing the limiting procedure the corresponding config- 
uration for TaBC- The combination of these results with the relations 

^AA'BB'CC'DD' ~\ M ^AA' BB'CC DD' ^ 

, ,(t) _ 2 ,(e) 
^ABCD — I ^ABCD' 

and 

(7) _| |2 {e) 

^A'B'CD — I 7 I '^A'B'CD^ 

establishes once and for all the invariant equality x^'^^ = x^^^ , and additionally 
enhances the correspondence principle involved in the limiting process. 

A transparent way of characterizing $a and ipa as afBne electromagnetic po- 
tentials is afforded by the commutators that yield the curvature spinors of 7as'-^ 
and TaB^^ ■ The M^-objects for both formalisms also arise from the combination 
of Eq. (3.1) with either of the commutators 

and 

Suitably contracted versions of these structures lead to purely gravitational 
configurations like 

Aasw''^' = ^ABD'"^' U'''^' - 

whence, in either formalism, we may implement the Hermitian expansions 
and 

[Va, V6]UCC' = - {Wabc'^UDC + C.C.). 

We can attain a confirmation of the result regarding the tensor behaviour of 

the 7-formalism wave equations for gravitons and geometric photons by invoking 
the gauge invariance of Pa along with the transformation law for Q and the 
homogeneous pattern 

n'{n'T's,„c) = (Aa)"(Aa)'' I Aa r AB^...Ac^n(J^Ti...^). 

This procedure takes up implicitly the gauge invariance of the T-functions de- 
fined as Eqs. (3.72c) and (3.99). Evidently, the entire 7-formalism system of 
electromagnetic wave equations could have been made up by allowing for a pro- 
cedure which looks like the gravitational one exhibited by Eqs. (3.101) and 
(3.102). 

The implementation of specific techniques for solving Eq. (3.70a) would 
become considerably simplified if the situations being entertained were set upon 
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conformally flat spacetimes. Under such a circumstance, one would just deal in 
either formalism with the equation 

(□ + = 0, 

which can be treated by utilizing the invariant distributional methods given by 
Fricdlandcr [34]. We believe that, within the standard Friedmann- Robertson- 
Walker cosmological framework [35, 36], solutions to this equation satisfying 
suitably prescribed boundary conditions should describe some of the properties 
of the cosmic microwave background. In particular, the energy-momentum spin 
tensor 

^ BB' ^ A Bi B' 

would presumably be helpful for achieving present-time values of the energy of 
the radiation. 
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